
Journal of Scientific Computing manuscript No.
(will be inserted by the editor)

An exactly curl-free finite-volume/finite-difference scheme for
a hyperbolic compressible isentropic two-phase model

Laura Río-Martín · Firas Dhaouadi · Michael
Dumbser

Received: date / Accepted: date

Abstract We present a new second order accurate structure-preserving finite volume
scheme for the solution of the compressible isentropic two-phase model of Romenski
et. al [64,65] in multiple space dimensions. The governing equations fall into the wider
class of symmetric hyperbolic and thermodynamically compatible (SHTC) systems
and consist of a set of first-order hyperbolic partial differential equations (PDE). In
the absence of algebraic source terms, the model is subject to a curl-free constraint
for the relative velocity between the two phases. The main objective of this paper is
therefore to preserve this structural property exactly also at the discrete level. The
new numerical method is based on a staggered grid arrangement where the relative
velocity field is stored in the cell vertexes, while all the remaining variables are stored
in the cell centers. This allows the definition of discretely compatible gradient and
curl operators which ensure that the discrete curl errors of the relative velocity field
remain zero up to machine precision. A set of numerical results confirms this property
also experimentally.
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1 Introduction

Multiphase flows are ubiquitous in nature and in our everyday life. Already the rather
simple flow of water with moving free surface actually involves both the dynamics of
the moving liquid and of the surrounding air. The modeling and numerical simulation
of such multi-material systems remains challenging even nowadays, as no prevalent
approach seems to be efficient for all applications.

In this paper, we are concerned with compressible isentropic two-phase flows and
in particular we consider the model of Romenski et al. forwarded in [63–66]. The
model belongs to the so-called class of Symmetric Hyperbolic and Thermodynamically
Compatible (SHTC) systems discovered by Godunov and Romenski in a series of
seminal works [44, 47, 63] and which was extensively studied and solved numerically
more recently in [52, 53, 57, 62, 64–66, 72, 73]. We are particularly interested in this
model for several reasons. First, for convex energy potentials, it is first-order symmetric
hyperbolic in the sense of Friedrichs and therefore the initial value problem is well-
posed at least for smooth initial data and small times. Second, it can be rewritten
in a form that is similar to the well-known Baer-Nunziato model [6] and related
systems [2, 4, 5, 43, 69–71], but with a unique choice for the interface pressure and
the interface velocity and with additional lift forces that appear in multiple space
dimensions. Third, unlike the Baer-Nunziato model, the principal part of the system of
Romenski et al. can be cast into a fully conservative form, which was exploited in [72]
to find exact solutions of the Riemann problem. Moreover, it offers a fairly general
framework that can be also extended to viscous and heat-conducting multi-material
flows, including mixtures of solids, liquids, and gases, all within a single mathematical
framework of first order hyperbolic equations, see e.g. [41].
One particular property of the model is that under certain assumptions, one of its

equations (describing the evolution of the relative velocity) is subject to a curl-free
constraint. The latter comes out as an involution in the sense that it is rather a direct
consequence of the main system of equations and not an additional condition to be
supplied. The most prominent examples of involutions are the well-known divergence-
free condition of the magnetic field in the Maxwell and MHD equations, or the
curl-free property of the deformation gradient in solid mechanics. Such stationary
differential constraints (involutions) are present in many other systems of physics and
continuum mechanics, see for example [3, 20, 22, 27, 33, 35, 38, 45–47, 57]. Involution
constraints generally are of little consequence at the continuous level, since solutions
of the governing PDE system obey them by definition. One cannot say the same at
the discrete level, as extra attention needs to be paid for discrete solutions to remain
compatible with the involution, thus preserving their physical relevancy. This spurred
the development of particular numerical methods allowing to preserve differential
involutions, mainly divergence and curl constraints, at the discrete level. Examples of
such methods include for example constrained transport methods [16, 19, 28, 32, 40,
42, 49, 76, 78], divergence and curl cleaning approaches [22, 27, 29, 30, 33, 38, 50, 54]
and structure-preserving discretizations [13–15, 17, 18, 48, 51, 75, 77].

In this context, our main contribution forwarded in this paper is to solve the system
of compressible isentropic two-phase flows proposed by Romenski et al. for the first
time numerically via an explicit structure-preserving (SP) scheme that preserves a



An exactly curl-free FV scheme for a hyperbolic compressible isentropic two-phase model 3

particular structural property of the governing PDE system exactly also at the discrete
level. Our primary goal here is to ensure that the intrinsic curl-free constraint of the
relative velocity field is exactly respected also at the discrete level. For that, we will
consider the second-order structure-preserving finite-volume/finite-difference scheme
proposed in [18] and further studied in [26, 34, 37, 56], which makes use of a set of
cell-centered quantities combined with another set of quantities defined on a vertex-
based staggered mesh. One of the novelties here is that the constrained vector field
for compressible two-phase flows is a velocity field, thus requiring extra effort in the
implementation of compatible boundary conditions as soon as reflective walls are
considered.

This paper is organized as follows. In section 2, we provide the notations and recall
the structure of the compressible two-phase model under consideration. We present
the equations of state that shall be used in the simulations and offer a concise review
of the hyperbolic nature of the equations. In section 3, we explain all parts of the
proposed curl-free numerical scheme. We show how the discretization of the system
is split between a primary and a dual grid, and we recall how this staggering allows us
to recover the curl-free property exactly at the discrete level. In section 4 we present
some numerical results. We show that the proposed scheme exhibits second-order
convergence for a smooth vortex-type solution. We compare the approximate solution
calculated with the proposed methodology and a reference solution for Riemann
problems in one and two space dimensions. In particular, we show comparisons
with reference solutions for a one-dimensional Riemann problem and for a radial
explosion test. The computed solution for a dam-break problem will also be compared
with the reference solution calculated using an equivalent Baer-Nunziato model. In
this test case, we will describe how the compatible wall boundary conditions have
been implemented. Finally, the performance of the scheme to satisfy the curl-free
constraint of the relative velocity is illustrated via the simulation of a Kelvin-Helmholtz
instability, which exhibits rather complex flow features. In all cases, plots of the curl
errors over time are given as evidence of the structure-preserving property of the
scheme.

2 The two-phase model of Romenski et al.

2.1 Governing equations

We consider the model of Romenski proposed in [63–67], describing the motion of
a multiphase medium formed by the mixture of two compressible fluids. Here, we
neglect any effects due to viscosity and inter-phase friction, and we assume that the
motion takes place in the absence of any heat or mass exchange. As to clarify the
notations in what follows, a superscript shall be used to designate the phase (I for phase
one, II for phase two). Subscripts will be reserved for vector components and matrix
entries. Repeated subscript summation via the usual Einstein summation convention is
implied. Under these assumptions and notations, the equations of motions are given as
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follows:

∂αI

∂t
+ uk
∂αI

∂xk
= 0, (1a)

∂αIρI

∂t
+
∂(αIρIuI

k)
∂xk

= 0, (1b)

∂αIIρII

∂t
+
∂(αIIρIIuII

k )
∂xk

= 0, αII = 1 − αI , (1c)

∂ρui

∂t
+
∂ (ρuiuk + Πik)

∂xk
= ρgi, Πik = pδik + ρwi Ewk , i ∈ {1, . . . d}, (1d)

∂wk

∂t
+
∂(wlul + φ)
∂xk

+ ul

(
∂wk

∂xl
−
∂wl

∂xk

)
= 0, k ∈ {1, . . . d}, (1e)

Here, t ∈ R+ is the time and x ∈ Rd is the vector of space coordinates. The quantities
α j, ρ j and u j = (u j

1, · · · , u
j
d), where j ∈ {I, II}, are the phase average volume fraction,

density and velocity field, respectively. The mixture density ρ, the mixture velocity u,
and the relative velocity w are then given by

ρ = αIρI + αIIρII , u =
αIρIuI + αIIρIIuII

ρ
, w = uI − uII .

Note that the system’s state is fully determined by the knowledge of the variables{
αI , ρI , ρII ,u,w

}
and any other quantity should be understood as a function of the latter

and not as an independent degree of freedom. Under the previous definitions, equation
(1a) describes the transport of the volume fraction. Equations (1b,1c) describe mass
conservation for each phase. Equation (1d) is the mixture momentum conservation
equation. Note that the vector g is the gravity field, which we will only consider in
some test cases. Lastly, equation (1e) is the balance law for the relative velocity. Note
that in the absence of source terms in the latter, the equation is subject to a curl-free
constraint, provided the field is initially as such, that is

if ∇ × w = 0, at t = 0 then ∇ × w = 0 ∀t ≥ 0, (2)

and which is an immediate consequence of equation (1e). For this reason, the field
w can be seen as the gradient of a scalar function ϕ. The total energy density of this
system is defined as

E(αI , ρI , ρII ,w,u) =
1
2
ρulul + ρE(αI , ρI , ρII ,w),

where E(αI , ρI , ρII ,w) is the specific internal energy of the mixture and which can be
written in separable form as

E(αI , ρI , ρII ,w) = cIeI(ρI) + cIIeII(ρII) +
cIcII

2
wlwl,
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where e j is the internal specific energy of the jth phase, whose expression is given by
the equation of state of the corresponding phase. The mass fractions c j are only intro-
duced to ease notation and are given as functions of the energy functional arguments
as follows

cI(ρI , ρII , αI) =
αIρI

αIρI +
(
1 − αI) ρII , cII(ρI , ρII , αI) =

(
1 − αI

)
ρII

αIρI +
(
1 − αI) ρII .

The tensorΠik that appears in the mixture momentum equation (1d) is the total mixture
stress tensor, where the mixture pressure p can be expressed as the average of the
phase pressures so that

p = αI pI + αII pII , where p j =
(
ρ j

)2 ∂e j

∂ρ j .

The scalar field φ which appears in the relative velocity equation (1e) writes as

φ =
ρ

αI

∂E
∂ρI −

ρ

αII

∂E
∂ρII = µ

I − µII −
cI − cII

2
wlwl

where µ j = e j(ρ j) + p j/ρ j is the chemical potential of the jth phase. Finally, one
can obtain an additional conservation law for the total energy of the mixture as a
consequence of the system of equations (1), which is written as

∂E

∂t
+
∂
(
Euk + Πikuk + ρφEwk

)
∂xk

= 0.

2.2 Equations of state

Throughout this paper, we shall make use of either an ideal gas or a stiffened gas
equation of state. In particular, the latter will be used whenever a liquid phase is consid-
ered. We recall hereafter the expressions of the internal energy and the corresponding
pressure for a fluid of density ρ, in the isentropic case with (η=0). For an ideal gas, we
have

e(ρ) =
ργ−1

(γ − 1)
, p(ρ) = ργ (3)

while for a stiffened gas, we have

e(ρ) =
c2

0

γ(γ − 1)

(
ρ

ρ0

)γ−1

+
ρ0c2

0 − γp0

γρ
, p(ρ) = p0 +

ρ0

γ
c2

0

((
ρ

ρ0

)γ
− 1

)
. (4)

In these expressions, γ = cp/cV is the ratio of the heat capacity at constant pressure
to heat capacity at constant volume, p0, ρ0 and c0 are reference quantities for the
pressure, density, and sound speed, respectively.
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2.3 Hyperbolicity

The hyperbolicity of system (1) was addressed in one dimension of space in [66, 72]
while the multidimensional case was discussed for the first time in [62]. In particular, it
was shown therein that in three dimensions of space, under considerations of rotational
invariance, the system of equations (1) has nine real eigenvalues in the x− direction,
whose expressions are recalled here

λ1 = uII
1 − aII , λ2 = uI

1 − aI , λ3−7 = u1, λ8 = uII
1 + aII , λ9 = uI

1 + aI , (5)

where a j =
√
∂p j/∂ρ j is the phase averaged sound speed. In particular, the system of

equations (1) is only weakly hyperbolic for d ≥ 2 as the eigenvalue λ = u1 is defective
and lacks d − 1 linearly independent eigenvectors. Such a shortcoming occurs in many
systems of continuum mechanics that share a similar structure to the one considered
here, namely systems of equations discussed in [44], whenever a curl-free vector
field is evolved in time, see for example [22, 27, 33, 35]. A known fix allowing to
recover hyperbolicity in multiple dimensions of space is the addition of the well-
known symmetrizing terms, also referred to as Godunov-Powell terms [45, 59–61].
For a simpler distinction between hyperbolic system and weakly hyperbolic system,
throughout this manuscript we will also make use of the pleonastic expression strongly
hyperbolic system, which is actually identical with hyperbolic system. In the case
of the present system of equations, this would require modifying the momentum
equation according to the seminal ideas of Godunov [45] by adding the vector product
(∇ × w) × ρEw so that it becomes

∂ρui

∂t
+
∂ (ρuiuk + Πik)

∂xk
− ρEwk

(
∂wi

∂xk
−
∂wk

∂xi

)
= ρgi. (6)

Such a modification is only legitimate under the assumption that the initial data
satisfies ∇ × w = 0 as, in this case, the added term also cancels out in virtue of
Equation (2). This actually restores the system’s strong hyperbolicity, as shown in [62].
A possible interpretation of this fact is that while the system of equations (1) is weakly
hyperbolic for general initial data, solutions of the associated initial-value problem are
equivalent in some sense to the solutions of the strongly hyperbolic system, altered
through the Godunov-Powell terms for a restricted set of well-prepared initial data
satisfying ∇ × w = 0 at t = 0. An alternative treatment that allows to restore strong
hyperbolicity without modifying the momentum conservation law was pointed out
in [62] and consists in the use of a generalized Lagrangian multiplier (GLM) technique,
see [21,29,31,54] for the original GLM method applied to divergence-type involutions
and its more recent variant [22, 27, 33, 38, 62] for curl-type involutions.
Note that for numerical schemes that do not satisfy the curl-free property of w exactly,
the addition of these symmetrizing Godunov-Powell terms leads to a loss of total
momentum conservation at the discrete level.
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Fig. 1 Sketch of the staggered grid. The blue elements are the cells of the main grid Ωp,q, and those
delimited by dashed red lines are the cells of the dual grid. Left: the relative velocity w is defined at the
vertices of the main grid, and the rest of variables, such as u, are defined in the cell centers of the control
volumes. Right: The scalar field ϕ is also defined in the cell centers.

3 Numerical method

In this section, we propose a structure-preserving discretization to solve the system of
equations (1). This discretization is based on a staggered mesh arrangement, where the
relative velocity is stored in the vertices of the mesh, while the remaining variables,
such as the mixture density, the momentum and the phase volume fractions are stored
in the cell centers. The first part of this section is devoted to describing the used
staggered grid, introducing also the necessary details of the notation. In addition,
we will describe the compatible discrete operators for the gradient and the curl that
are employed to discretize the relative velocity equation. Then, we introduce the
flux splitting that is a key ingredient of our methodology. Finally, we provide a brief
description of the second-order MUSCL-Hancock-type scheme used to discretize the
remaining terms.

3.1 Notation

The main objective of this section is to present a compatible discretization method
that satisfies the curl constraint for the relative velocity exactly also at the discrete
level. With this purpose, we consider a discretization based on staggered grids, which
will allow us to define some fields in the cell centers and others in the vertices of the
elements of the main grid. Figure 1 shows the considered staggered grids. The blue
elements are the cells of the main gridΩp,q and the elements limited by dashed red lines
are the vertex-based dual cells Ωp± 1

2 ,q±
1
2
. As it is shown in the left sketch, the relative

velocity w is defined in the vertices of the main grid, and the variables u, uI , uII , ρ, ρI , ρII

are defined in the cell centers. Below, we will provide a detailed description of the
notation. Throughout this section, and to distinguish coordinate indices from time and
space discretization indices, we will denote the former as i, j, k, the time discretization
index as n and the spatial discretization indices as p, q. For the sake of simplicity, we
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will describe the numerical method considering a two–dimensional domain Ω, with
x1 = x and x2 = y. The computational domain Ω = [− Lx

2 ,
Lx
2 ] × [− Ly

2 ,
Ly

2 ] is discretized
with a uniform Cartesian grid composed of Nx × Ny cells. These cells are given by
Ωp,q = [xp− 1

2
, xp+ 1

2
]× [yq− 1

2
, yq+ 1

2
] = [xp−

∆x
2 , xp+

∆x
2 ]× [yq−

∆x
2 , yq+

∆y
2 ], with (xp, yq)

the discrete spatial coordinates located in the barycenter of the control volume Ωp,q,
and ∆x = Lx

Nx
, ∆y = Ly

Ny
the uniform mesh spacing in the x− and y−directions. The

critical point of the presented structure-preserving method lies in the definition of
a discrete gradient and curl, which will be defined at the staggered grid points and
which will be compatible at the discrete level with the system structure. Below, the
flux splitting considered for this problem is introduced, and the compatible operators
are defined.

3.2 Flux splitting

Let Q =
(
αI , αIρI , αIIρII , ρu,w

)T
be the state vector, then the PDE system (1) can be

written more compactly as

∂tQ + ∇ · F(Q) + B(Q) · ∇Q = S(Q), (7)

where F(Q) is the nonlinear flux tensor, B(Q) · ∇Q contains the non-conservative
terms and S(Q) is the algebraic source term. To apply the numerical method to solve
the proposed PDE system, it is more appropriate to split the system into the form

∂tQ + ∇ ·
(
Fb(Q) + Fv(Q)

)
+ ∇Gv(Q) + Bb(Q) · ∇Q + Bv(Q) · ∇Q = Sb(Q), (8)

where the superscripts b and v distinguish terms that involve fields defined on the
cell centers, or on the vertices, respectively. The terms appearing in equation (8) are
defined as

Fb =


0

αIρIuk

αIIρIIuk

ρuiuk + pδik
0

 , Fv =


0

αIρIcIIwk

−αIIρIIcIwk

cIcIIρwiwk

0

 , Gv =


0
0
0
0

w ju j + φ

 ,

Bb(Q) · ∇Q =


uk
∂αI

∂xk

0
0
0
0

 , Bv(Q) · ∇Q =



0
0
0
0

u j

(
∂wk
∂x j
−
∂w j

∂xk

)


, Sb =


0
0
0
ρgi

0

 ,

where Fb is the flux containing the convective part as well as the pressure terms,
Fv is the flux containing the terms related to the relative velocity, Gv comprises the
components whose gradient will be calculated using the compatible discrete gradient
operator that we will describe in the next section, Bb(Q) · ∇Q and Bv(Q) · ∇Q contain
the non-conservative products related to the phase volume fraction and to the curl
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terms, respectively, and Sb are the source terms of the momentum equation related to
gravity. The subsystem

∂tQ + ∇ ·
(
Fb(Q) + Fv(Q)

)
+ Bb(Q) · ∇Q = Sb(Q), (9)

will be discretized explicitly using a second-order MUSCL-Hancock type finite volume
method with a TVD limiter, using the Rusanov flux as approximate Riemann solver.
On the other hand, the discretization of

∂tQ + ∇Gv(Q) + Bv(Q) · ∇Q = 0, (10)

will be performed using the compatible gradient and curl operators that will be
described in the next section to obtain a curl-free method at the discrete level.

3.3 Compatible gradient and curl operators

As we have indicated at the beginning of this section, the key point of the structure-
preserving method presented in this paper lies in properly defining the discrete differen-
tial operators, considering the grid points we have just defined. Let ϕn

p,q = ϕ(xp, yq, tn)
be a scalar field defined at the centers of the control volumes Ωp,q, the primitive
variables (ρp,q, ρ

I
p,q, ρ

II
p,q, u

I
p,q, u

II
p,q, . . .) which are stored in the cell centers (xp, yp) and

the relative velocity field (wp± 1
2 ,q±

1
2
= ∇ϕp± 1

2 ,q±
1
2
) that is stored at the dual grid points

(xp± 1
2
, yq± 1

2
). For generic vector fields or general times t we will omit the superscript n

for the time level for the sake of simplicity.
The discrete gradient operator ∇h of the scalar field ϕ is defined in each vertex as a
constant value that can be computed naturally using the finite differences of ϕ along the
two independent directions via a central corner gradient (the right sketch of Figure 1
shows more details). The degrees of freedom of the compatible gradient operator read
as

∇h
p+ 1

2 ,q+
1
2
ϕh =


(
∂h

x

)
p+ 1

2 ,q+
1
2
ϕh(

∂h
y

)
p+ 1

2 ,q+
1
2
ϕh

 =


1
2
ϕp+1,q+1 − ϕp,q+1 + ϕp+1,q − ϕp,q

∆x
1
2
ϕp+1,q+1 − ϕp+1,q + ϕp,q+1 − ϕp,q

∆y

 . (11)

Once the compatible gradient operator has been presented, we will define the discrete
curl operator ∇h× of a discrete vector field vh at the center of the cells, making use of
the discrete gradients in the surrounding cells. The component in the z−direction is
given by(

∇h
p,q × vh

)
· e3 =

(v2)p+ 1
2 ,q+

1
2
− (v2)p− 1

2 ,q+
1
2

2∆x
+

(v2)p+ 1
2 ,q−

1
2
− (v2)p− 1

2 ,q−
1
2

2∆x

−
(v1)p+ 1

2 ,q+
1
2
− (v1)p+ 1

2 ,q−
1
2

2∆y
−

(v1)p− 1
2 ,q+

1
2
− (v1)p− 1

2 ,q−
1
2

2∆y
, (12)

with e3 = (0, 0, 1). Once the compatible discrete gradient and curl operators have been
defined, it is necessary to verify that the continuous identity

∇ × ∇ϕ = 0, (13)
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is also satisfied at the discrete level. Combining (11) and (12), it is easy to prove that
for an arbitrary discrete scalar field ϕh defined in the barycenter of the main grid one
has(
∇h× ∇hϕh

)
p,q
· e3 =

=
1
4


(
ϕp+1,q+1 − ϕp+1,q + ϕp,q+1 − ϕp,q

)
−

(
ϕp,q+1 − ϕp,q + ϕp−1,q+1 − ϕp−1,q

)
∆x∆y

+

(
ϕp+1,q − ϕp+1,q−1 + ϕp,q − ϕp,q−1

)
−

(
ϕp,q − ϕp,q−1 + ϕp−1,q − ϕp−1,q−1

)
∆x∆y

−

(
ϕp+1,q+1 − ϕp,q+1 + ϕp+1,q − ϕp,q

)
−

(
ϕp+1,q − ϕp,q + ϕp+1,q−1 − ϕp,q−1

)
∆x∆y

−

(
ϕp,q+1 − ϕp−1,q+1 + ϕp,q − ϕp−1,q

)
−

(
ϕp,q − ϕp−1,q + ϕp,q−1 − ϕp−1,q−1

)
∆x∆y

 = 0,

that is, (13) is satisfied also at the discrete level or equivalently,

∇h × ∇hϕ = 0, (14)

for all cells of the computational domain, which is the discrete curl-grad compatibility.
This equality shows that any gradient field defined using the discrete compatible
operator (11) is exactly curl-free for the discrete compatible operator (12).

3.4 Discretization of the relative velocity with the compatible operators

The relative velocity equation will be discretized making use of the compatible opera-
tors defined before. Thus, Equation (1e) reads as

(wk)n+1
p+ 1

2 ,q+
1
2
= (wk)n

p+ 1
2 ,q+

1
2
− ∆t ∂h

k (wlul + φ)n
p+ 1

2 ,q+
1
2

−
∆t
4

1∑
r=0

1∑
s=0

(ul)n
p+r,q+s

(
∂h

l (wk)n
p+ 1

2 ,q+
1
2
− ∂h

k (wl)n
p+ 1

2 ,q+
1
2

)
, (15)

for each component k of the gradient field w. In the right-hand side of the equation (15),
the last term can be computed using the compatible gradient (11). Now, we will
prove that for a curl-free vector w that satisfies ∇h × wh,n = 0, it is also satisfied
∇h×wh,n+1 = 0. If the discrete curl operator ∇h× is applied to (15), taking into account
that ∇h × wh,n = 0, it results

∇h × wh,n+1 = −∆t∇h ×
(
∇h

(
wh,n · uh,n + φh,n

))
= 0, (16)

since the second expression in Equation (16) is zero due to the definition of the
compatible discrete curl-grad (14), i.e. ∇h × wh,n+1 = 0. That is, if the vector field w is
curl-free at the initial time, it will be curl-free for every instant of time.
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The scheme just presented is based on a central discretization. We will define a
compatible artificial viscosity to suppress instabilities that may appear and to guarantee
the stability of the method, while keeping the discretely curl-free structure. Recall that
the vector Laplacian of w at the continuous level can be written as

∇2w = ∇ (∇ · w) − ∇ × ∇ × w (17)

To discretize (17), defining a discrete divergence operator is necessary. We will define
the discrete divergence operator ∇h· acting on a discrete vector field wh = (wh

x,w
h
y)T

at the corners, considering as a stencil a piecewise linear reconstruction of w at the
cell centers. We will calculate, therefore, the extrapolated values of the cell centers
of w, for each (xp, yq). Using such values, the discrete divergence operator at vertex
(xp+ 1

2
, yq+ 1

2
) is then defined as:

∇h · wh =
(
∂h

kwk

)
p+ 1

2 ,q+
1
2
=

1
2

(
(wx)p+1,q+1 − (wx)p,q+1

∆x
+

(wx)p+1,q − (wx)p,q

∆x

)
+

1
2

(
(wy)p+1,q+1 − (wy)p+1,q

∆y
+

(wy)p,q+1 − (wy)p,q

∆y

)
. (18)

Having defined the discrete divergence operator (18), the discrete version of (17) at
(xp+ 1

2
, yq+ 1

2
) is given as follows(
∇2

hw
)

p+ 1
2 ,q+

1
2
=

(
∇h

(
∇h · w

))
p+ 1

2 ,q+
1
2
−

(
∇h × ∇h × w

)
p+ 1

2 ,q+
1
2

(19)

Multiplying (19) by the mesh size h = max(∆x, ∆y) and by an appropriate constant
signal speed ch, the expression (15) turns out to be

(wk)n+1
p+ 1

2 ,q+
1
2
= (wk)n

p+ 1
2 ,q+

1
2
− ∆t

(
∂h

k (wlul + φ) − hch∂
h
l wl

)n

p+ 1
2 ,q+

1
2

−
∆t
4

1∑
r=0

1∑
s=0

(ul)n
p+r,q+s

(
∂h

l (wk)n
p+ 1

2 ,q+
1
2
− ∂h

k (wl)n
p+ 1

2 ,q+
1
2

)
.

This compatible discretization can be used to discretize equation (1e), and thus,
as long as it is curl-free at the initial time, w remains curl-free for all times. The
proposed numerical viscosity is of the global Lax-Friedrichs type. A much more
sophisticated manner of numerical viscosity can be achieved via the use of genuinely
multi-dimensional Riemann solvers as those forwarded by Balsara et al. for exactly
divergence-free schemes for the MHD equations [7–12] and, more recently, also in
the context of exactly curl-free schemes [13].

3.5 Discretization of the remaining terms

Once equation (10) has been discretized with the compatible operators described in the
previous sections, to discretize the remaining terms (Equations (9)) we will make use
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of a classical second-order MUSCL-Hancock scheme. Below, we will briefly describe
the numerical scheme. It reads

Qn+1
p,q = Qn

p,q −
∆t
∆x

(
(Fx)p+ 1

2 ,q
− (Fx)p− 1

2 ,q

)
−
∆t
∆y

((
Fy

)
p,q+ 1

2
−

(
Fy

)
p,q− 1

2

)
−
∆t
∆x

((
Db

x

)
p+ 1

2 ,q
+

(
Db

x

)
p− 1

2 ,q

)
−
∆t
∆y

((
Db

y

)
p,q+ 1

2
+

(
Db

y

)
p,q− 1

2

)
− ∆t Bb(Qn+ 1

2
p,q ) · ∇Qn+ 1

2
p,q + ∆t Sb(Qn+ 1

2
p,q ), (20)

where (Fx)p+ 1
2 ,q

and
(
Fy

)
p,q+ 1

2
are the numerical fluxes in x and y direction, respectively,

including both, Fb and Fv. Note that the proposed method is an unsplit, fully explicit
and monolithic scheme that directly evolves the relative velocity via the curl-free
update on the staggered mesh described in the previous section and the remaining cell-
centered quantities via the method summarized here. The interaction of the staggered
quantities with the cell-centered ones is contained in the corner fluxes Fv. More details
are given later when the numerical fluxes are described. The path-conservative jump
terms according to Castro and Parés [24, 25, 55] are given in the x and y direction by

Db
x,y(Q−h ,Q

+
h ) =

1
2

B̃x,y(Q+h −Q−h ), with B̃x,y =

∫ 1

0
Bb(Ψ (s,Q+h ,Q

−
h )) · nx,y dS .

They are defined as a function of two generic left and right boundary-extrapolated
values Q−h and Q+h , respectively. These terms take into account jumps of Q at the
element boundaries. In this paper the simple straight-line segment path is chosen

Ψ (s,Q+h ,Q
−
h ) = Q−h + s(Q+h −Q+h ), s ∈ [0, 1].

In order to compute the numerical fluxes Fx and Fy across the edges, we will use a
Rusanov-type flux [68] that employs the midpoint rule for the cell-centered quantities
(as usual) and that takes into account the corner fluxes Fv, which contain the contribu-
tions of the relative velocity field to the phase mass fluxes and to the stress tensor, via
the trapezoidal rule (note the different index locations in the formulas below):

(Fx)p+ 1
2 ,q
=

1
2

(
Fb

x

(
Qn+ 1

2 ,−

p+ 1
2 ,q

)
+ Fb

x

(
Qn+ 1

2 ,+

p+ 1
2 ,q

))
−

1
2

sx
max

(
Qn+ 1

2 ,+

p+ 1
2 ,q
−Qn+ 1

2 ,−

p+ 1
2 ,q

)
+

1
2

(
Fv

x

(
Qn

p+ 1
2 ,q+

1
2

)
+ Fv

x

(
Qn

p+ 1
2 ,q−

1
2

))
,(

Fy

)
p,q+ 1

2
=

1
2

(
Fb

y

(
Qn+ 1

2 ,−

p,q+ 1
2

)
+ Fb

y

(
Qn+ 1

2 ,+

p,q+ 1
2

))
−

1
2

sy
max

(
Qn+ 1

2 ,+

p,q+ 1
2
−Qn+ 1

2 ,−

p,q+ 1
2

)
+

1
2

(
Fv

y

(
Qn

p+ 1
2 ,q+

1
2

)
+ Fv

y

(
Qn

p− 1
2 ,q+

1
2

))
,

where sx
max and sy

max are the maximum wave speeds in the x− and y direction, respec-
tively, computed as the maximum absolute value of the eigenvalues in each direction.
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The values Q± are the boundary extrapolated values, given by

Qn+ 1
2 ,−

p+ 1
2 ,q
= Qn

p,q +
1
2
∆x∂xQn

p,q +
1
2
∆t∂tQn

p,q,

Qn+ 1
2 ,+

p+ 1
2 ,q
= Qn

p+1,q −
1
2
∆x∂xQn

p+1,q +
1
2
∆t∂tQn

p+1,q,

Qn+ 1
2 ,−

p,q+ 1
2
= Qn

p,q +
1
2
∆y∂yQn

p,q +
1
2
∆t∂tQn

p,q,

Qn+ 1
2 ,+

p,q+ 1
2
= Qn

p,q+1 −
1
2
∆y∂yQn

p,q+1 +
1
2
∆t∂tQn

p,q+1,

with ∂xQn
p,q and ∂yQn

p,q the slopes defined as

∂xQn
p,q = minmod

Qn
p+1,q −Qn

p,q

∆x
,

Qn
p,q −Qn

p−1,q

∆x

 ,
∂yQn

p,q = minmod
Qn

p,q+1 −Qn
p,q

∆y
,

Qn
p,q −Qn

p,q−1

∆y

 ,
and with the time derivative ∂tQn

p,q computed as follows

∂tQn
p,q = −

Fb
x

(
Qn

p,q +
1
2∆x∂xQn

p,q

)
− Fb

x

(
Qn

p,q −
1
2∆x∂xQn

p,q

)
∆x

−
Fb

y

(
Qn

p,q +
1
2∆y∂yQn

p,q

)
− Fb

y

(
Qn

p,q −
1
2∆y∂yQn

p,q

)
∆y

−

Fv
x

(
Qn

p+ 1
2 ,q+

1
2

)
+Fv

x

(
Qn

p+ 1
2 ,q−

1
2

)
−Fv

x

(
Qn

p− 1
2 ,q+

1
2

)
−Fv

x

(
Qn

p− 1
2 ,q−

1
2

)
2∆x

−

Fv
y

(
Qn

p+ 1
2 ,q+

1
2

)
+Fv

y

(
Qn

p− 1
2 ,q+

1
2

)
−Fv

y

(
Qn

p+ 1
2 ,q−

1
2

)
−Fv

y

(
Qn

p− 1
2 ,q−

1
2

)
2∆y

+ Sb(Qn
p,q) − Bb(Qn

p,q) · ∇Qn
p,q.

This completes the description of the numerical method. To summarize: in our new
structure-preserving algorithm we employ a path-conservative MUSCL-Hancock-type
finite volume scheme for the evolution of all quantities, apart from the relative velocity
field, which is updated using a special discretization on suitably staggered meshes
which allows to preserve the curl-free property of the relative velocity field exactly
also at the discrete level.

4 Numerical results

In this section, we will show some test cases that demonstrate the performance of
the proposed method, the convergence order and illustrate that the method is exactly
curl-free. First, we will use the proposed methodology to solve a 1D Riemann problem,
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perform some simulations to show the experimental order of convergence (EOC), and
solve a 2D circular explosion problem. In all cases, reference solutions are used for a
fair comparison with the approximate solution. Then, we will simulate a dam break
and compare the results with those obtained using the reduced Baer–Nunziato model.
Finally, we will perform a simulation to show the Kelvin–Helmholtz instabilities and
qualitatively compare the results with those existing in the literature to show the good
behavior of the proposed method. In all the results, the gravity g is set to 0, except
in the dam break test, where it has to be considered. For comparison purposes, in the
following we will refer to the standard finite volume method of MUSCL-Hancock type
as the scheme (20) being directly applied to the complete unsplit system (7), without
corner fluxes and without any special curl-free update of the relative velocity or the
use of grid staggering. In this case, the path-conservative approach is also needed to
update eqn. (1e) and not only the nonconservative PDE for the volume fraction (1a).

4.1 1D Riemann problem

The first test case under consideration is a Riemann problem in 1D, where a shock in
one phase appears within a rarefaction wave of the other phase, see [72] for the exact
solution of the Riemann problem and a detailed discussion of possible wave patterns.
The computational domain is Ω = [−1, 1] and has been discretized using a mesh with
1000 cells. The final time is t = 0.25, and the CFL has been set to 0.25. In both phases,
we will consider the EOS for an ideal gas (3) with γI = 1.4, and γII = 2. The left and
right states used are shown in Table 1 (see [62] and [72] for more details on the test).
Dirichlet Boundary conditions are used in this case. A comparison has been made
between the numerical results obtained with the method proposed in this work and the
exact solution computed in [72]. The results, for the densities of each phase ρI , ρII ,
the mixture density ρ, the volume fraction αI , the mixture velocity u and the relative
velocity w are shown in Figure 2. Excellent agreement between the calculated and the
exact solutions is observed in all cases.

Table 1 Left and right states of the one dimensional Riemann problem

αI ρI ρII uI uII

QL 0.7 1.2449 1.2969 -1.2638 -0.38947
QR 0.3 0.60312 0.73436 0.43059 -0.40507

4.2 Stationary vortex solution

In order to have a quantitative assessment of the scheme’s performance, we consider
here a two-dimensional stationary solution to check the experimental order of con-
vergence and evaluate the curl-free property. For this, we consider the rotationally
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Fig. 2 1D Riemann problem solved with the structured preserving finite volume scheme on a Cartesian
staggered mesh with 1000 cells at final time t = 0.25. Top: densities of each phase, ρI and ρII . Center:
mixture density ρ and volume fraction αI . Bottom: mixture velocity u and relative velocity w = uI − uII .

symmetric exact solution of system (1) presented in [62]. In polar coordinates (r, θ),
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Fig. 3 Left: Solution of the stationary vortex with the curl-free scheme solved on a staggered mesh with
1024 × 1024 cells at time t = 1000. Right: Comparison between the approximated solution (dashed red line)
and the exact solution (solid black line) at time t = 1000.

the solution can be expressed in terms of primitive variables as follows

αI(r) =
1
3
+

e−
r2
2

2
√

2π
, ρI(r) = ρII(r) =

1 − e1−r2

4

5/7

,

uI
θ(r) = uII

θ (r) = 23/14

√√√
r2e1−r2(

4 − e1−r2
)5/7 .

For this test case, we use the same ideal gas equation of state for both fluids with
γI = γII = 1.4. The acceleration of gravity is neglected here and the CFL has been set
to 0.5. The computational domain is Ω = [−10, 10] × [−10, 10]. Periodic boundary
conditions are used in both directions. In Figure 3, the left plot shows the solution
of the stationary vortex computed using the structured preserving FV scheme for a
mesh resolution of 1024 × 1024 cells at time t = 1000. On the right plot, we show a
graphical representation of the obtained solution using the structure-preserving FV
scheme, plotted with dashed red lines, compared with the exact solution, plotted with
solid black lines. Figure 4 shows the L1 norm of the curl errors for the simulation with
final time t = 1000 using a mesh resolution of 1024 × 1024 cells for the solution using
the new structure-preserving scheme described in this work and without the compatible
curl-free discretization. The obtained results clearly show that the new method is able
to maintain the curl-free property of the relative velocity field up to machine precision.
The number of time steps performed is around 400000. A convergence table for this
test case on different mesh resolutions is given in Table 2, which shows that the second
order is well recovered in all the representative variables.
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Fig. 4 Time-evolution of the L1 norm of the discrete curl errors using the staggered compatible curl-free
discretization (red line) and without the compatible curl-free discretization (black line) for the 2D stationary
vortex problem, using a mesh with 1024 × 1024 cells.

Table 2 Convergence table for the vortex test case with the proposed curl-free scheme. ϵ represents the L2

error norm of the corresponding variable and O is the experimental convergence order. All model parameters
are taken similarly as for Figure 3, except for the mesh sizes, and the final time set to t = 1.

Nx = Ny ϵαI ϵρI ϵρII ϵuI
1

ϵuII
1

ϵw1

192 1.16 × 10−5 9.77 × 10−5 9.33 × 10−5 1.52 × 10−4 1.62 × 10−4 1.52 × 10−4

768 3.23 × 10−7 4.25 × 10−6 4.23 × 10−6 5.34 × 10−6 5.21 × 10−6 5.21 × 10−6

3072 1.65 × 10−8 2.51 × 10−7 2.53 × 10−7 3.02 × 10−7 2.99 × 10−7 2.99 × 10−7

6144 4.05 × 10−9 6.24 × 10−8 6.31 × 10−8 7.52 × 10−8 7.45 × 10−8 7.45 × 10−8

12288 1.00 × 10−9 1.56 × 10−8 1.57 × 10−8 1.88 × 10−8 1.86 × 10−8 1.86 × 10−8

O(αI ) O(ρI ) O(ρII ) O(uI
1) O(uII

1 ) O(w1)

2.58 2.26 2.23 2.46 2.43 2.43
2.14 2.04 2.03 2.07 2.06 2.06
2.03 2.01 2.01 2.01 2.01 2.01
2.01 2.00 2.00 2.00 2.00 2.00

4.3 Two-dimensional circular explosion problem

To carry out another two-dimensional test, a circular explosion problem is considered.
This problem can be interpreted as the two-dimensional extension of Riemann prob-
lems in radial symmetry, see also [74]. The computational domain contains in the
center a circle of radius R = 0.5 that divides the domain into two different states, the
inner state, and the outer state, defining the initial condition as follows,

Q(x, t) =
{

QL if |x| < 0.5,
QR otherwise , (21)

where QL and QR are described in Table 3. As proposed in [39], a reference solution
can be derived by solving an equivalent PDE in radial direction with geometric source
terms. To obtain more details about the radial system, the reader is referred to [62].
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Table 3 Left and right states of the circular explosion problem given by Equation (21)

αI ρI ρII uI
1 uI

2 uII
1 uII

2

QL 0.4 2 1.5 0 0 0 0
QR 0.8 1 0.5 0 0 0 0

The numerical solution has been computed in the domain Ω = [−1, 1] × [−1, 1], using
the curl-free approach that has been described in this paper, considering a Cartesian
staggered mesh discretized with 1024 × 1024 cells. As reported in [62], the reference
solution has been computed using a second-order TVD finite volume method with the
Rusanov flux on a mesh with 128000 cells in 1D for the equivalent system in radial
direction. The final time of the simulation is t = 0.1 and the EOS for both phases is (3),
with parameters γI = γII = 1.4. CFL is set to 0.25. Periodic boundary conditions in
both directions are used.

Figure 5 shows the numerical results compared with the reference solution de-
scribed before. Moreover, Figure 6 illustrates the time evolution of the L1 norm of
the curl errors for the solution computed without the curl-free approach and for the
solution calculated with the structure-preserving method detailed in this paper. The
comparison of both solutions in figure 5 shows a good agreement between the obtained
solution and the corresponding reference. The observed undershoot and overshoot
which appear in the graphs of w are believed to be numerical artifacts. Indeed, these
have persisted through three completely different numerical methods in different coor-
dinate systems; using Finite Volumes in 1D radial coordinates, 2D ADER-DG in [62]
and the presented scheme, but each time with different properties.

4.4 Dambreak

We consider here a 2D Riemann problem consisting in a dambreak test case. The total
computational domain isΩ = [0, 4]×[0, 2] discretized over 4800×2400 computational
elements. The initial condition is such that water (assumed here as fluid II) occupies a
rectangular region in the bottom left of the domain denoted by ΩW = [0, 2] × [0, 1]
while the remaining region is occupied by air. The model variables are then initialized
as follows

(x, y) ∈ ΩW :


αI(x, y) = 1,

ρI(x, y) =
(
ρI

0 g (y − 2)
)1/γI

,

ρII(x, y) = ρII
0 ,

uI = uII = (0, 0, 0)T,

else :


αI(x, y) = 0,
ρI(x, y) = ρI ,

ρII(x, y) = ρII
0

(
1 + ρII

0 g (y − 1)
)1/γII

,

uI = uII = (0, 0, 0)T.

The initial profiles of densities are such that initial pressure is hydrostatic in both
phases, and the system is at rest. Water then flows under the effects of gravity, assumed
to act along the y−axis such that g = (0,−g) and g = 9.80. As for the equations of
state, we assume that water behaves as a stiffened gas (following the EOS (4), with
pII

0 = 1, cII
0 = 20, ρII

0 = 1000, γII = 2 ) while the surrounding air is an ideal gas
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Fig. 5 Solution of the 2D circular explosion problem with the structured preserving finite volume scheme
for the initial condition showed in Table 3 solved on a Cartesian staggered mesh with 1024 × 1024 cells
at time t = 0.1, in comparison with the radial reference solution. Top: densities of each phase, ρI and
ρII . Center: mixture density ρ and volume fraction αI . Bottom: mixture velocity u and relative velocity
w = uI − uII .

(γI = 1.4). The CFL number is fixed at 0.5, and the final simulation time is t = 0.4.
Last, it is important here to discuss how the boundary conditions are implemented.
Indeed, we would like to impose slip wall boundary conditions on all the domain
boundaries. In terms of the mixture velocity u and the relative velocity w, this amounts
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Fig. 6 Time-evolution of the L1 norm of the discrete curl errors using the staggered compatible curl-free
discretization (red line) and without the compatible curl-free discretization (black line) for the 2D circular
explosion problem, using a mesh with 4800 × 4800 cells.

to imposing the components normal to the boundary to zero. While for the former,
this can be done trivially, the uncareful treatment of this boundary condition for w
may result in the loss of the curl-free property. One solution to this problem would
be introducing an additional layer of points for the scalar field from which w is
constructed, thus extending it beyond the boundaries, see Figure 7. We can then
impose a boundary condition directly on the scalar field, in such a way that the
required boundary condition on w is recovered, when computed from the compatible
gradient. Thus, for no-slip wall boundary conditions, we impose for the scalar field

Fig. 7 Schematic showing the extra layer of points of the scalar field from which w is calculated at the
boundaries. The highlighted areas are examples of stencils needed to compute w on the x = 0 and y = 0
walls.
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ϕNx+1,q = ϕNx,q,
∀q ∈ {0..Ny},

ϕp,0 = ϕp,1,

ϕp,Ny+1 = ϕp,Ny ,
∀p ∈ {0..Nx}.

The boundary conditions for the rest of variables are treated as for a classical finite
volume scheme (slopes are set to zero for all variables except for the mixture velocity
component normal to the boundary which is taken with opposite sign). The numerical
results for this test case are presented in Figure 8. The left side of the figure shows
the 2D distribution of the volume fraction αI , where blue corresponds to water and
red to air. The right side of the figure shows a comparison of the water depth profile
extracted from this simulation, with a reference solution computed with a third-order
ADER-WENO finite volume scheme on a very fine uniform Cartesian grid, solving
the inviscid and isentropic reduced Baer–Nunziato model presented in [36]. The
comparison shows an excellent agreement between both solutions, computed from
two different models using two different numerical methods.

x
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2

Numerical solution (Baer-Nunziato)
Numerical solution (Romenski)

Fig. 8 Dambreak problem at time t = 0.4. Left: Numerical solution, computed using the structure-preserving
finite volume method to solve the isentropic SHTC model proposed in this paper, considering a mesh with
4800 × 2400 cells. Right: comparison between the same numerical solution with that of the isentropic
reduced Baer–Nunziato model presented in [36]
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Fig. 9 Time-evolution of the L1 norm of the discrete curl errors using the staggered compatible curl-free
discretization and without the compatible curl-free discretization for the dambreak problem, using a mesh
with 4800 × 2400 cells.

4.5 Kelvin-Helmholtz instability

Kelvin-Helmholtz instabilities are turbulent flow patterns formed at the interface
between two moving flows with different velocities or densities, which appear when
a velocity gradient is created at the interface between the two fluids. In this last
test case, we will perform the simulation considering two flows with different initial
velocities and densities in the computational domain Ω = [−0.5, 0.5] × [−1, 1]. We
will impose periodic boundary conditions in both x− and y−direction and introduce
a perturbation in the system to trigger instabilities at the interface between the two
fluids. The simulation will be performed on a 1024 × 2048 mesh, up to a final time
of t = 6. CFL is set to 0.5. We will consider that at the initial time, the densities are
constant ρI = 1 and ρII = 2. The initial condition for αI is given by

αI =

{
0.5 + 0.25 tanh(25(y + 0.5))) if y < 0,
0.5 − 0.25 tanh(25(y − 0.5))) if y ≥ 0.

The EOS chosen for both phases is ideal gas (3), with γI = 1.4 and γII = 2. The
pressure in both phases is initialized as pI = pII = 100/γI , and the initial velocities
are given by

uI
1 = uII

1 =

{
0.5 tanh(25(y + 0.5))) if y < 0,
−0.5 tanh(25(y − 0.5))) if y ≥ 0,

uI
2 = uII

2 =

{
−10−2 sin(2πx) sin(2π(y + 0.5)) if y < 0,

10−2 sin(2πx) sin(2π(y − 0.5)) if y ≥ 0,

The perturbation introduced in the y−component of both velocities causes the in-
stabilities to be generated. In Figure 10, the values of αI at times t = 0, 2, 3, 4, 5, 6
are shown, presenting the usual roll-up and vortex formation that is characteristic
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of Kelvin-Helmholtz instabilities, see also [73]. In Figure 11 we show the temporal
evolution of the curl error of the relative velocity field, which remains at the level of
machine precision for all times when using the new structure-preserving FV scheme
presented in this paper and which is several orders of magnitude larger when using a
classical MUSCL-Hancock-type scheme.

Fig. 10 Two-phase Kelvin-Helmholtz instability: numerical solution obtained with the structure-preserving
finite volume scheme at times t = 0, 2, 3, 4, 5, 6 using a mesh of 1024 × 2048 for the computational
Ω = [−0.5, 0.5] × [−1, 1]. The plot shown in [−0.5, 1.5] × [−1, 1] is the juxtaposition of the original
numerical solution.
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Fig. 11 Time-evolution of the L1 norm of the discrete curl errors using the staggered compatible curl-free
discretization and without the compatible curl-free discretization for the Kelvin-Helmholtz instability, using
a mesh with 2048 × 2048 cells.

5 Conclusion

In this paper, we have numerically solved the isentropic two-phase model of Romenski
[63–66] using a new structure-preserving finite volume scheme that conserves the
curl-free constraint of the relative velocity exactly also at the discrete level. This
property was highlighted in a set of test cases, also when compatible wall boundary
conditions on the relative velocity were imposed. One could extend the presented
scheme to higher-order, similarly to what was done in [17]. Another interesting
approach under consideration, consists in the development of Thermodynamically
Compatible Schemes [1, 21, 23], allowing to conserve both the mathematical structure
of the system while also keeping its energy conserved and its entropy production
admissible at the discrete level. The latter property, in particular, was addressed for
this model in [73]. Last, it would be of practical interest to extend the presented
model to the dissipative case where viscosity and heat transfer are both present while
safeguarding the hyperbolic structure, which can be done in the framework of SHTC
equations, as in [57, 58].
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