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Introduction

Diffusion equations in physics and mechanics

A large part of continuum physics is written in terms of parabolic operators:

00 0 00 . .
il (K(x, 0)81‘> (Fourier's law of heat conduction)
% = (% <D(;p7c)§;> (Fick's law of mass diffusion)
dc  9? d?%c . .
vl (H(c) — 78952) (The Cahn—Hilliard equation)

% +div (pu) =0

9 (Navier—Stokes' system)

gt“ 4 div (pu® u + pI) = div (S(u, Vu))
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Introduction

Diffusion equations in physics and mechanics

A large part of continuum physics is written in terms of parabolic operators:

00 0 00 . .
il (K(x’g)ax> (Fourier's law of heat conduction)
dc 0 Oc o e
% " B2 <D(x’c)8x> (Fick's law of mass diffusion)
dc 02 0% - .
vl (H(c) — 78952) (The Cahn—Hilliard equation)

% +div (pu) =0

9 (Navier—Stokes' system)

gt“ 4 div (pu® u + pI) = div (S(u, Vu))

@ Require postulating a constitutive law: q = —KV#0, j= —DVc, etc...
@ The flux responds instantaneously to the gradient.
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Introduction

Instantaneous propagation — Paradox of the heat equation

90
ot

1 if <0
0 elsewhere

Firas DHAOUADI

0
t=0

lﬁ ————————

0

At every t > 0 the tails reach x = Foc0.
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Introduction

Instantaneous propagation — Paradox of the heat equation

0

) t=0
00 1 if <0 ] —t--------
— = KA#, 0(x,0) = ;
ot (2,0) {0 elsewhere

1 &>s
T x
= fO(x,t) = = erfc . 0
( ) 2 (2\/Kt)

At every t > 0 the tails reach x = Foc0.

e For any ¢t > 0, 6 has already changed at every x = causality is violated.
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Introduction

Instantaneous propagation — Paradox of the heat equation

0
t=0

00 1 if <0 ] —t--------
— = KA#, 0(x,0) = ;

ot (2,0) {0 elsewhere
1 &>s
T x
=  O(x,t) = = erfc . 0
)= g 57)

At every t > 0 the tails reach x = Foc0.

e For any ¢t > 0, 6 has already changed at every x = causality is violated.

e Incompatibility with relativity (speed of light is the limit)

@ Wrong physics at very short times / extreme conditions.
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Introduction

Instantaneous propagation — Paradox of the heat equation

0

) t=0
00 1 if <0 ] —t--------
— = KA#, 0(x,0) = ;
ot (2,0) {0 elsewhere

1 &>s
T x
= fO(x,t) = = erfc . 0
( ) 2 (2\/Kt)

At every t > 0 the tails reach x = Foc0.

e For any ¢t > 0, 6 has already changed at every x = causality is violated.

e Incompatibility with relativity (speed of light is the limit)
@ Wrong physics at very short times / extreme conditions.
[1] L. Tisza, “Transport phenomena in Helium I," Nature, vol. 141, p. 913, 1938.

[2] L. Landau, “On the Theory of Superfluidity of Helium II,” Journal of Physics USSR, vol. 11,
no. 1, pp. 91-92, 1947.

[3] Peshkov, V. P. " Second sound in helium I1.” Sov. Phys. JETP 11.3 (1960): 580-584.
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Introduction

The Cattaneo model of relativistic heat conduction

1) Take the classic linear heat equation

00

00 —+V-q=0,
i KA=0 <= ot tv-a
¢ q=—-KVo.
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Introduction

The Cattaneo model of relativistic heat conduction

1) Take the classic linear heat equation

00
ai_KM:O e {gTVa=0

9 q=—KVo.

2 ) Replace the instantaneous constitutive law by a relaxed version

9
q=-KVo — 77—(3+q:—KV0, 0<r<1.
ot
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Introduction

The Cattaneo model of relativistic heat conduction

1) Take the classic linear heat equation

00
@—KAH_O = 8t+vq 0
ot q=—KVo.

2 ) Replace the instantaneous constitutive law by a relaxed version

oq
q=—-KV0 = T——i—q——KVH 0<7Tx 1.

ot
We obtain the system

00

+V.-q=0,
ot AT
oq K 1
5 T Vo=
ot &
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Introduction

Old history - Copyright

The Cattaneo model is often referred to as the Maxwell-Cattaneo-Vernotte model.
@ James Clerk Maxwell was the first to introduce such an approach for gases (1867):

@ Cattaneo presented his model in 1948.
© Paul Vernotte did it independently 10 years later.

PHYSIQUE MATHEMATIQUE. — Sur une forme de I'équation de la chaleur
éliminant le paradoxe d'une propagation instantanée. Note de M. Carro
Carraseo, transmise par M. Joseph Kampé de Fériet.

Dans une Note récente (') M. Pierre Vernotte a proposé une correction de 1'équa-
tion classique de la chaleur, qui, en changeant son caractére parabolique en hyper-
bolique, élimine le paradoxe d’une propagation instantanée. Or, dans un travail (?)
publié en 1948, yélais parvenu exactement aux mémes corrections, en les justifiant
par des considérations de théorie cinétique; voici les grandes lignes de ma

démonstration.

La théorie (unidimensionnelle) de Fourier est fondée sur deux équations

indéfinies
Firas DHAOUADI Seminario del Dpto de Matematica Aplicada USC 6/52



Introduction

Properties of Cattaneo’s model

@ The model is strongly hyperbolic. (with eigenvalues A\1_4 = £1/K/7,0,0)
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Introduction

Properties of Cattaneo’s model

@ The model is strongly hyperbolic. (with eigenvalues A\1_4 = £1/K/7,0,0)

Reminder: Hyperbolic PDE (1d case for simplicity)

HQ+ A(Q)-0,Q =S(Q), QeR" A:R" — R™"
is hyperbolic if A(Q) is diagonalizable in R, for any admissible Q € R".
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Introduction

Properties of Cattaneo’s model

@ The model is strongly hyperbolic. (with eigenvalues A\1_4 = £1/K/7,0,0)

Reminder: Hyperbolic PDE (1d case for simplicity)

HQ+ A(Q)-0,Q =S(Q), QeR" A:R" — R™"
is hyperbolic if A(Q) is diagonalizable in R, for any admissible Q € R".

@ The model dissipates a total energy

© smooth solutions are expected to converge to those of the heat equation in the
limit 7 — 0.
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Introduction

The notion of Hyperbolization

Given a general PDE

0Q 2
E—'P(Q,VQ,V Q,...)

find a family of first-order systems, parametrized by small ¢,

Q¢
ot

+div (P(QF) = £ 8(Q°),

such that
@ The system is hyperbolic for all € > 0,
@ Q° — Q as ¢ — 0 (convergence in the stiff relaxation limit);
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Introduction

The notion of Hyperbolization

Given a general PDE

0Q 2
E—'P(Q,VQ,V Q,...)

find a family of first-order systems, parametrized by small ¢,

15
PV | v (F(Q) = TS(@),
such that
@ The system is hyperbolic for all € > 0,
@ Q° — Q as ¢ — 0 (convergence in the stiff relaxation limit);
e Consistency requirements: Energy dissipation, Entropy production, conservation
principles, variational structure, whenever applicable.
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Introduction

Two examples for the rest of this talk

1) Euler-Fourier system 2) The Cahn—Hilliard equation

oc
=A (¢’ —c—vAc
% + div (pu) = 0 at (¢ )
85 +div(pu®u)+Vp=0 @ Phase separation processes.
OF . @ 2nd and 4th order Diffusion.
e +div (Fu+pu—KVH) =0 @ Non-convex energy.
@ Compressible heat-conducting flows.

v
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Introduction

Two examples for the rest of this talk

1) Euler-Fourier system 2) The Cahn—Hilliard equation

oc
=A (¢’ —c—vAc
% + div (pu) = 0 at (¢ )
85 +div(pu®u)+Vp=0 @ Phase separation processes.
OF . @ 2nd and 4th order Diffusion.
e +div (Fu+pu—KVH) =0 @ Non-convex energy.
@ Compressible heat-conducting flows.

v

Two completely different strategies will be used.
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Example 1: The Euler—Fourier system
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Example 1: The Euler—Fourier system

Heat conduction in an inviscid compressible flow

Generally described by Euler equation + Fourier’s law of heat conduction

op . _

5 T div (pu) = 0,

0

% +div (pu @ u + p(p,n)I) = 0,

oF . .

5 T div(Butplp,n)u=KVo(p.n) = 0.

Smooth solutions satisfy the Clausius-Duhem inequality

85: + div (pnu —

K B L )
8(o.1) V‘)(Pﬂ?)) = 50 IV0emIP = 0.
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Example 1: The Euler—Fourier system

Heat conduction in an inviscid compressible flow

Generally described by Euler equation + Fourier’s law of heat conduction

op . _

5 T div (pu) = 0,

0

% +div (pu @ u + p(p,n)I) = 0,

oF . .

5 T div(Butplp,n)u=KVo(p.n) = 0.

Smooth solutions satisfy the Clausius-Duhem inequality

85: + div (pnu —

K B L )
8(o.1) V‘)(Pﬂ?)) = 50 IV0emIP = 0.

= Let us make it hyperbolic!
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

dp

E'FV-(pu)—O

0
%-I—V-(pu@u-i—p]l)zo
oF

5 +V-(Eu+pu+q)=0
oqg K_, 1

o T vi=
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

No Galilean invariance

dp

E-FV-(pu)—O

0
%-I—V-(pu@u-i—p]l)zo
oF

5 +V-(Eu+pu+q)=0
oqg K_, 1

o T vi=
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

dp

E-FV-(pu)—O

0
%-I—V-(pu@u-i—p]l)zo
OF
E+V-(Eu+pu+q):0
dq 0Jq K_, 1
at ot T V0=

No Galilean invariance (fixed by C.I. Christov, 2009).
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

dp

§+V-(pu)—0

0
§+V-(pu®u+pﬂ):0
oF
E+V-(Eu+pu—|—q):0
dq Jdq K_ 1

o ot V=

No Galilean invariance (fixed by C.I. Christov, 2009).
No Entropy inequality: The Gibbs identity implies that

g)Z_LW>?O

0
ﬁ+V-(p77u+9 0

ot
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

dp

ZF . =0

5 TV (w)

d
§+V-(pu®u+pﬂ):0
)
—8t+v-(Eu+pu+q)=0
dq Jdq K_ 1
o ox T V=

No Galilean invariance (fixed by C.I. Christov, 2009).
No Entropy inequality: The Gibbs identity implies that

9pn ay_ a-Vo
E+V-(pnu+9>—— 02 >?7 0

not necessarily satisfied because q # —KV6# VY7 >0.
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Example 1: The Euler—Fourier system

How about applying Cattaneo ?

dp

ZF . =0

5 TV (w)

d
§+V-(pu®u+pﬂ):0
)
—8t+v-(Eu+pu+q)=0
dq Jdq K_ 1
o ox T V=

No Galilean invariance (fixed by C.I. Christov, 2009).
No Entropy inequality: The Gibbs identity implies that

9pn ay_ a-Vo
E+V-(pnu+9>—— 02 >?7 0

not necessarily satisfied because q # —KV6# VY7 >0.
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Example 1: The Euler—Fourier system

Look deeper into the literature

1. Cimmelli VA, Kosinski W, Saxton K. 1991 A new approach to the theory of heat
conduction with finite wave speeds. Le Matematiche 46, 95-105.

2. Rubin M. 1992 Hyperbolic heat conduction and the second law. Int. J. Eng. Sci.
30, 1665-1676.

3. Ganghoffer, J. F., Do, X. N., & Fumeron, S. (2025). Emergence of anomalous
hyperbolic heat conduction in homogenized media. Composite Structures, 119492.

4. Angeles F. 2022 Non-hyperbolicity of the inviscid Cattaneo—Christov system for
compressible fluid flow in several space dimensions. Quart. J. Mech. Appl. Math. 75,
147-170.

5. Other models in the literature: Guyer-Krumhansl model, Kinetic theory, works of
Ruggeri-Miiller, Godunov-Peshkov-Romenski line,... etc .
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Example 1: The Euler—Fourier system

Consistency requirements

© Asymptotically consistent with Fourier's law.
@ First-order hyperbolic system with an explicit eigenstructure
© Total energy is adequately dissipated.

© Entropy production is positive (2nd thermodynamics principle)
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Example 1: The Euler—Fourier system

Consistency requirements

© Asymptotically consistent with Fourier's law.

@ First-order hyperbolic system with an explicit eigenstructure
© Total energy is adequately dissipated.

© Entropy production is positive (2nd thermodynamics principle)

© Galilean invariant.
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Example 1: The Euler—Fourier system

Consistency requirements

© Asymptotically consistent with Fourier's law.

@ First-order hyperbolic system with an explicit eigenstructure
© Total energy is adequately dissipated.

© Entropy production is positive (2nd thermodynamics principle)
© Galilean invariant.

O© Conservative part can be derived from a variational principle
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Example 1: The Euler—Fourier system

Euler-Lagrange equations

Least action: nature picks the field making the action a = / L dx dt stationary
(6a = 0). For a field u(x,t),

0 (0L oL oL
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Example 1: The Euler—Fourier system

Euler-Lagrange equations

Least action: nature picks the field making the action a = / L dx dt stationary
(6a = 0). For a field u(x,t),

0 (0L oL oL

Simplest example: a vibrating string

1,01 9 oL  Ou  OL oL
L= SU — 5 [|Vul|* = 50, — 0t du, Vu, =0.
—_—

kinetic potential
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Example 1: The Euler—Fourier system

Euler-Lagrange equations

Least action: nature picks the field making the action a = / L dx dt stationary
(6a = 0). For a field u(x,t),

0 (0L oL oL

Simplest example: a vibrating string

1, 1 o 0L ou L oL
L=quw —5IVul = 50 =% o=V W~
—
kinetic potential
We get:
Ut — Au = 0. )

Firas DHAOUADI Seminario del Dpto de Matematica Aplicada USC 14 /52



Example 1: The Euler—Fourier system

Euler—Lagrange equations: The case of continua

For a fluid, the Lagrangian is again kinetic minus internal energy,

oo = [ (SoliullP= ptom) ) as.

kinetic internal energy
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Example 1: The Euler—Fourier system

Euler—Lagrange equations: The case of continua

For a fluid, the Lagrangian is again kinetic minus internal energy,
2
L) = [ (ollalP~ peton) ) o
Q N~— —
kinetic internal energy

But we cannot vary p and u independently: they are linked by mass conservation. A
displacement dx of the fluid particles constrains both fields,

) 00z Doz ou
dp = —div (pdx), ou = o T YT 8—){5:1:.
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Example 1: The Euler—Fourier system

Euler—Lagrange equations: The case of continua

For a fluid, the Lagrangian is again kinetic minus internal energy,

2
ﬁ(Pa“)Z/ (%Pllull — pe(p,m) )dQ-
Qp NN—— —
kinetic internal energy

But we cannot vary p and u independently: they are linked by mass conservation. A
displacement dx of the fluid particles constrains both fields,

) 00z Doz ou
dp = —div (pdx), ou = e + Fal i gdm.

Only dx is free. Injecting these constrained variations into da = 0 and integrating by
parts:

dpu . 5 0e
_ —I =
= 5 +d1V<pu®u—|—pap> 0
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Example 1: The Euler—Fourier system

Thermal displacement (Green-Naghdi 1991)

In this paper:

[1] Green, A. E., & Naghdi, P. (1991). A re-examination of the basic postulates of thermomechanics.
Proceedings of the Royal Society of London. Series A: Mathematical and Physical Sciences,
432(1885), 171-194.

The authors introduce an independent auxiliary potential ¢(x,t) as a thermal analogue
of the kinematic variables such that

o(x,t) = —0(x,1)

One can then write the Lagrangian

cpd) = [ (ol =0, a0,

where .
. . e

e(p,m) =€ (p,d) — no, ith n=—.

(p,m) (p,¢) —ng, with n 99
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Example 1: The Euler—Fourier system

Entropy as an Euler-Lagrange equation

Given the Lagrangian

. . .0
ciod) = [ (oI = et0)) dor (6= +u-0)
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Example 1: The Euler—Fourier system

Entropy as an Euler-Lagrange equation

Given the Lagrangian

‘C(pa u, ¢) = /Q (;pHuHQ - pe’-_‘*(p7 ¢)> an (¢ = aa(f +u- v¢)

*

One obtains ( Recall that n = 86. )
d¢

% + le (pu ® u + p2 I) e O7 (Euler_l_agrange for 5X)

gt <paﬁib> + div <p%6¢ u) =0, (Euler-Lagrange for ¢)



Example 1: The Euler—Fourier system

Entropy as an Euler-Lagrange equation

Given the Lagrangian

. 1 . . 0
Lo d) - [ <2p\|ull2—p6*(p,¢)> a9, (¢=a‘f+u-v¢>

One obtains ( Recall that n = 85. )
99
*
Opu +div [ pu @ u + p? 0 I) =0, (Euler-Lagrange for 0x)
ot dp
aat (pn) + div (pnu) = 0, (Euler-Lagrange for d¢)
% +div(pu) =0 (Constraint)

@ A similar idea was also used in Lagrangian coordinates in Peshkov, Pavelka,
Grmela and Romenski (2018).
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Example 1: The Euler—Fourier system

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

: 1 o1 .
£l 5.6) = [ (GoliulP = pe* (o) ol V017 as

where the function «a(p) is an arbitrary positive function of density.
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Example 1: The Euler—Fourier system

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

: 1 o1 .
£lp 0 90,9) = [ (Goll =92 (0. ) Jalo) V0l ) a2

where the function «a(p) is an arbitrary positive function of density.

dp

N + div (pu) =0,

dpu

gt +div(pu@u+ PI+a(p) Vo @ V) =0,
Opn

& T v (pnuta(p)Ve) =0,

a*
where P = p* % + 500 (p) — () 196
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Example 1: The Euler—Fourier system

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

: 1 .o 1 .
E(pa u, Vo, ¢) = /Q <2PHUH2 - :05*(10’ ¢)_§(}'(/)) |V(f)|2> dQ?

where the function «a(p) is an arbitrary positive function of density.

9p : _
5 + div (pu) =0,

0
%—i—div(pu@u—i—PI—i—a(p) Voo Vo) =0,

0
% + div (pnu+ a(p)Ve) =0,

6 *
204 Lol )~ (o) 90l

X The PDE is of second order and depends on V¢.

Firas DHAOUADI Seminario del Dpto de Matematica Aplicada USC
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Example 1: The Euler—Fourier system

Solution: First-order reduction

Let us introduce a new variable j defined as

i=Vo
We then take the material derivative of this equation

oV
ox

0j g  (a\"\
8t+v(‘] u+ 0(p, ))+<8x_(8x> u=0

Dyj=Voy + ——

which yields
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Example 1: The Euler—Fourier system

Dissipationless system of equations

op . _

n +div (pu) =0,

dpu

gt +div(pu@u+I) =0, II=Pp,nj) I+alp)jix]j
0j . A (0", _

5 TVa u+9(p,n))+<ax (8x> u=0,

9pn

5 T+ div (pru+a(p)j) = 0.
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Example 1: The Euler—Fourier system

Dissipationless system of equations

% +div (pu) =0,

Jpu . o
gt +div(pu@u+1I) =0, II=P(p,nj)I+alp)j®]j
05 ; % (%N, _

0

%jtdlv(nujta()) 0.

Total energy conservation is obtained as a consequence

OF
5 Tdiv(Bu+lIlutq) =0, a=alp)0(p,n)J
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Example 1: The Euler—Fourier system

Dissipationless system of equations

% +div (pu) =0,

Jpu . C
gt +div(pu@u+1I) =0, II=P(p,nj)I+alp)j®]j
05 ; % (%N, _

0

%jtdlv(nujta()) 0.

Total energy conservation is obtained as a consequence

OE .
5 Tdiv(Bu+lIlutq) =0, a=alp)0(p,n)J

Additional term in the energy conservation should be the heat flux.
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Example 1: The Euler—Fourier system

Rayleigh dissipation function

Op . _

N + div (pu) =0,

dpu

g +div(pu@u+ P(p,n,j) I+ a(p) j®j) =0,

0 . % (9\"),_ R
> +V(J-U+9(p,n))+(ax <ax> T
Opn a(p) OR

5+ div(omu+alp)j) = 0o B

Here R is the Rayleigh dissipation function and which we take in the simplest form as

R _1.

1
R = —|3lI? B
S IE G =
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Example 1: The Euler—Fourier system

Asymptotic analysis: compatibility with Fourier's law

Expand every variable in powers of the relaxation time 7,
p=po+O(1), u=uo+0(1), n=mn+0(1), j=jo+7i1+o(r),

and substitute into the j equation. Matching orders in 7 gives

=0, Ji=-Vopom) =  [i=-7V6(op.m)+0(r). |

Firas DHAOUADI Seminario del Dpto de Matemdtica Aplicada USC 22/52



Example 1: The Euler—Fourier system

Asymptotic analysis: compatibility with Fourier's law

Expand every variable in powers of the relaxation time 7,
p=po+O(1), u=uo+0(1), n=mn+0(1), j=jo+7i1+o(r),

and substitute into the j equation. Matching orders in 7 gives

jo=0,  ji=-Vo(om) = [i= 7 V0(po,m)to(). |

The heat flux vector then reads

q=—T Oé(p()) H(POa 770) ve(p(h 770)7
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Example 1: The Euler—Fourier system

Asymptotic analysis: compatibility with Fourier's law

Expand every variable in powers of the relaxation time 7,
p=po+0(1), u=uo+0(r), n=mn0+0(7), j=jo+7i+o(r),

and substitute into the j equation. Matching orders in 7 gives

jo=0,  ji=-Vo(om) = [i= 7 V0(po,m)to(). |

The heat flux vector then reads

q=—T Oé(p()) 9(007 770) ve(p(h 770)7

which is compatible with Fourier’s law q = —K'V#, provided

K

"7 al(po) 0(pos o)
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Example 1: The Euler—Fourier system

Energy convexity

Total energy is given by

. 1 1 .
Bp,m, s.§) = o [[m[[* + p=(p, 5/p) + 5a(p) [§I*, m = pu,s = pn

Sufficient criterion for energy convexity

. 0 ( 1 )
if —[——=] <0, forp>0.
9p* \alp)) — ’

then F i s also a convex function of Q.

We choose a simple function fitting this criterion

2
%

alp) = —, x=cst.
p
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Example 1: The Euler—Fourier system

Energy convexity

Total energy is given by

. 1 1 .
Bp,m, s.§) = o [[m[[* + p=(p, 5/p) + 5a(p) [§I*, m = pu,s = pn

Sufficient criterion for energy convexity

. 0 ( 1 )
if —[——=] <0, forp>0.
9p* \alp)) — ’

then F i s also a convex function of Q.

We choose a simple function fitting this criterion
alp) = —, »x=cst.
( p
(Another possibility is a(p) = cst, taken in Peshkov et.al. (2018))
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Hyperbolicity

Example 1: The Euler—Fourier system

system can be cast into quasilinear form

ov
ot

A(V)

ov

ox

where A admits 8 eigenvalues whose expressions are given by

X1 =u1 — 21+ 2o,
X2 =u1 — /21 — Za,
X3-6 = U1,

X7 =u1+ 21 — 2o,
X8 =u1++\ 21+ 22

1

le§(a§+a?p+a§),

To — 4 1 2 22

2= apT"‘Z(ap_aT)?

where . p , 2 90

Uy =%, ap=—5-,

P 8p2 p? On ,

TR L B S
\a'pT_ ,02 anapa a] - 2 (.72 +.73)'
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Example 1: The Euler—Fourier system

Riemann problem: A summary of results

Studying the Rankine-Hugoniot conditions yields

@ No contact discontinuities. The Euler contact discontinuity is replaced by two
new waves.

@ Nonclassical shocks: The model admits admissible expansion shocks,
compression fans and compound shocks.

@ A Clausius—Duhem inequality

%2
p(u— D)n+ 7]’ > 0.

acts as the admissibility criterion.
( D is the front speed. )
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Example 1: The Euler—Fourier system

Recovery of Fourier law: Shock tube problem (MUSCL-Hancock)

= 3 =0.01
Y R b
£ 5t i
=0
>
> -5 |
L-101 y
| T .
L L L L —20 L L L L
02 04 06 08 1 0.2 0.8

z[m)]
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Example 1: The Euler—Fourier system

Recovery of Fourier law: Shock tube problem - Zoom

0.6 [

ref
I — Kk =0.01
0.5__ ----- k=1 i

0.4F
< |

0.3}

0.2F .

04 0.5 0.6 0.7 0.8 0.9
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Example 1: The Euler—Fourier system

Expansion shock solution (No source term)

I 0

—0.03

—0.09

u[m.s

—0.12

—0.15

0 0.2 0.4 0.6 0.8

0.2 0.4 0.6 0.8 1

Figure 2: Numerical result for an expansion shock solution on the computational domain [0, 1],

discretized over N = 10000 cells displayed at final time ¢ = 0.5. Parameters: CFL = 0.9,
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Example 1: The Euler—Fourier system

Multi-D result (By W.Boscheri [JSC, 2026])

Reference solution

@

s SPFV(x=0.1)

>

)

o
o
[ e e e e |

..,{m

n o‘u"y"n
| .Is.‘ Wl
il

e
>

e
~

e
>

0.2 0.4 0.6 0.8 1 p 0.105 0.113 0.122 0.130 0.139 0.147 0.156 0.164 0.173 0.181 0.190

Figure 3: Explosion problem at time ¢ = 0.2 with 200 equidistant points. Comparison between
the Euler-Fourier solution and the hyperbolic model.
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Example 1: The Euler—Fourier system

Multi-D result (By W.Boscheri [JSC, 2026]

Reference solution

Reference solution

04 SPFV (k=0.1) 1 SPFV (k=0.1)
035F L
s 08}
03 +
F 06l
025 3
a 02fF 04
0.15F [
o 02
01|
F oF
005 3
O:wwwlwwwlwwwlwwwlwwwl ool vy v
0 0.2 0.4 0.6 0.8 1 “0 0.2 0.4 0.6 0.8 1
X X

Figure 4: Explosion problem at time ¢ = 0.2 with 200 equidistant points is used for the SPFV
solution. 3D view, Voronoi mesh and color map of the pressure distribution are shown in the
bottom right panel.
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Example 2: The Cahn—Hilliard equation

@ Introduction
9 Example 1: The Euler—Fourier system
e Example 2: The Cahn—Hilliard equation

@ Conclusions



Example 2: The Cahn—Hilliard equation

Cahn-Hilliard equations (1958)

The Cahn-Hilliard equation writes

dc

E—A(c?’—c—fyAc).

@ c € [—1,1] is the order parameter indicating the phases.
@ v < 1 is such that /v is the diffuse interface characterstic length.

@ describes phase separation in binary systems: spinodal decomposition, Ostwald
Ripening phenomena, etc.
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Example 2: The Cahn—Hilliard equation

Phase separation: example of sedimentation _

°
:o: ° ® o.‘ = & o
.. n'f: Ll L
o %o o" ° 0.'.“.
°o.’0 H 0:.. ” .
P} ° () 'y o.‘o °
s vt . e e
.°. e o°¢ 4 o ° o
o 8 e®e0 ¢ oC
° o L] ° .
...o~ . ° ..: °
o..o. %o et ®e .
% o D . %
3 -2 5%

Dispersed phase Separated phases
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Example 2: The Cahn—Hilliard equation

Conservative form and chemical potential

The Cahn-Hilliard equation can be cast into a conservation-law form which writes

dc |
E—I—dlv(.])—o,

where the mass flux j is assumed to obey a generalized Fick's law such that
j = —V,LL,
and p is the chemical potential of the system given by

_of _of L (OFN\_ 3
div <8Vc> =c’ —c—7vAc,

H= ¢ Oc
where

2_1)? 4 .,
fleve) = e,
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Example 2: The Cahn—Hilliard equation

Lyapunov functional

CH equation admits the Lyapunov functional

(62_1)2 Y 2
F(c,vc):/f(c,vc) dQ:/ ) Y v aa
D D 4 2

Indeed, we have

af | .. 2 of
— +d =—||V =—uVp——=-A
g TAiv(H) =—[IVull®, H=-uVu—-Ap,
which in integral form writes

oF

5= [Ivu ae <o

ot o
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Example 2: The Cahn—Hilliard equation

Modified action functional

Based on the Lyapunov functional

(02_1)2 Y 2
F(c,Vc):/f(c,Vc) dQ:/ ) LY v de
D D 4 2

let us introduce the following action functional

a://LdDdt
tJD

0 2 — 1) o
£ 90 3) =S - Tivpr - S+

where

TR
7 N\
)

S
~_
(V)

@ ¢ is a new variable substituting c as the order parameter.
@ a > 1 so that (¢ — ) vanishes in the limit & — +o0.
@ 3 <« 1is a small parameter.
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Example 2: The Cahn—Hilliard equation

On penalty methods

Idea: replace a hard constraint by a soft penalty that punishes its violation — the
larger the penalty weight «, the closer the constraint is enforced.

min E(u) st. u=yg — min E(u) "‘% llu—glf*.
u u

Firas DHAOUADI Seminario del Dpto de Matemdtica Aplicada USC 33/52



Example 2: The Cahn—Hilliard equation

On penalty methods

Idea: replace a hard constraint by a soft penalty that punishes its violation — the
larger the penalty weight «, the closer the constraint is enforced.

min E(u) st. u=yg — min E(u) "‘% llu—glf*.
u u

Example: image denoising (Rudin—-Osher—Fatemi): recover a clean image u from a
noisy one g by

min /\|vu| dx + 3/(u—g)2dx.
| S —

smoothness stay close to data

Original Moisy image Denoised image

Source: Wikipedia, Rudin et al. 1992.

Firas DHAOUADI Seminario del Dpto de Matematica Aplicada USC 33/52



Example 2: The Cahn—Hilliard equation

Generalized Fick's law for ¢

0 2 —1)° ! o\ ?
£ ve 3) =S Tivalr - Se-or + 5 (%)

4 2 \ Ot
Generalized Fick’s law now becomes
Jdc . oL oL 3
E—i—dlv(—v,u) =0, p= e pe ¢ —c+alc—y),
= 2nd-order PDE, no 4th-order terms
Oc

5 AP —ctale-p) =0 (D
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Example 2: The Cahn—Hilliard equation

Euler-Lagrange equation for ¢

Oy 2 — 1) ol « B (0p\?
£(>90V90,8t> <4)—2HV90|2—2(C—99)2+2 5 )

For ¢, we simply write the Euler-Lagrange equations.

2 8—L + div —8£ —B—E
ot \ Oy oVe) O’

B— —div(yVe) =alc—y)  (I)

which gives
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Example 2: The Cahn—Hilliard equation

2nd-order approximation of the Cahn-Hilliard equation

Thus so far, instead of

0
8—§:A(c3—c—fyAc),
we have obtained the following system of two 2nd order PDEs
0
8—§—A(c3—c+a(c—<p)):0, (1)
0%
ﬁw—vAgo:a(c—cp) (1)
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Example 2: The Cahn—Hilliard equation

2nd-order approximation of the Cahn-Hilliard equation

Thus so far, instead of

dc
E:A(cg’—c—fyAc),
we have obtained the following system of two 2nd order PDEs
Oc 3
E—A(c —c+alc—y)) =0, (1)
82
B — e =alc—p). (D)

e Equation (I) is reminiscent of heat equation.
=- Cattaneo-type relaxation.
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Example 2: The Cahn—Hilliard equation

2nd-order approximation of the Cahn-Hilliard equation

Thus so far, instead of

dc
E:A(cg’—c—fyAc),
we have obtained the following system of two 2nd order PDEs
Oc 3
E_A(C —c+alc—y)) =0, (1)
82
B — e =alc—p). (D)

e Equation (I) is reminiscent of heat equation.
=- Cattaneo-type relaxation.

e Equation (II) is a hyperbolic wave equation with right-hand side. = Order
reduction.
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Example 2: The Cahn—Hilliard equation

Cattaneo relaxation for equation (I)

@ 7 < 1 is a relaxation time.

@ cis still a conserved quantity in this framework.
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Example 2: The Cahn—Hilliard equation

2

B9L —div( Vo) =ale—¢) ()

Let us denote the independent variables

0
wzﬂa—f, p = Vop.
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Example 2: The Cahn—Hilliard equation

Order reduction for (II)

528 _div () —ale—p) (D)

ot2
Let us denote the independent variables
dp
=f—, = V.
w=pB> p=Vyp

Therefore (II') becomes

%} —div(yp) = —alp — ),
dp 1

ot~ 3"

op 1 B
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Example 2: The Cahn—Hilliard equation

Final system approximating the Cahn-Hilliard equations

ot

oq 3 __l
E-}-V(C —c—l—oz(c—go))— 7_q
ow

5~ dv(p) =—alp—¢)

Jp 1 B

afv@ )0

Iy _ 1

ot B

@ System of hyperbolic equations with relaxations.
e Equations are conservative also in multiple dimensions.
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Example 2: The Cahn—Hilliard equation

Hyperbolicity

System admits a full set of real eigenvalues (with o > 1) given by
V32 -1+« VY
—_— Aza =t~

VT VB
and a corresponding full set of linearly independent eigenvectors.
= System is strongly hyperbolic.

A2 == As—9 =0
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Example 2: The Cahn—Hilliard equation

Lyapunov Functional

Proposition

The proposed hyperbolic Cahn-Hilliard system admits the following Lyapunov
functional

E = / ¢, ¢, q,p,w) di,

e — 1 1 1
G @)+ oz + o lalP

+ 2ol + 5 350"+ 5

e(c,p,q,p,w 5 (
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Example 2: The Cahn—Hilliard equation

Proof

We express the fluxes as a function of the conjugate variables

ot oq

oq de\  Oe

8t+v<8c>_ 9q

ow o (oe) o
ot op) Oy
op de\

7 () -

20 _ 0e

ot  Ow
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Example 2: The Cahn—Hilliard equation

Proof

We express the fluxes as a function of the conjugate variables

de [0c .. (Oe
a(:~{a+dw<%> =0

oy (%)
dq

Je [Ow .. (Oe) __ Oe
ow Vot \op) T oy

9

Oe
op
Oe
D
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Example 2: The Cahn—Hilliard equation

Proof

We express the fluxes as a function of the conjugate variables

Oe Oc . [ Oe
a {at"i‘le <8q> =0

Oe dq de Oe
alm v (5) -
(B () -2
ow ot op Op
Oe op Oe
a5
Oe dp  Oe
Oso'{t_ﬁw

SR T T 1

ot Ocdq Opow oql| — 7
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Example 2: The Cahn—Hilliard equation

Numerical methods

In order to solve the model numerically and also compare it with reference solutions,
we propose here:

@ A numerical scheme for the original Cahn-Hilliard equation based on 4th order
semi-implicit conservative finite differences

@ Explicit MUSCL-Hancock for the hyperbolic approximation.
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Example 2: The Cahn—Hilliard equation

Implicit conservative finite differences for CH

We propose here a semi-implicit conservative in order to solve numerically the original
Cahn-Hilliard equations. We rewrite the latter as follows

where F' is the flux given by

F=X(c)Ve, X(c)=3c*—1

The scheme writes

At At
n+l _ n+1l _ n+l n+1 n+1 n+1
€ij it AL (FH;,J- Fi )+ Ay <g g+l QZ.J,_;) YAApC T
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Example 2: The Cahn—Hilliard equation

Computation of the intercell fluxes

The intercell fluxes J'-‘”“J, and g";ll, in the x and y directions respectively, are
2

27
computed using conservative finite-differences as follows

+ +1
Frl =X (Vee)MH
i+ = Nirdy Vet

X1y~ (7X" 1 T TX N — X y)

1
ntl +1 +1 +1 +1
(ch)i+%,j ~ o <15 R L e E C P 1,])

(similarly for Q”H )
7 +2
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Example 2: The Cahn—Hilliard equation

Computation of the intercell fluxes

The intercell fluxes J'-;’ff

2

computed using conservative finite-differences as follows

+1 n n+1
=X" . ).y
i+dg T Nt (Vae)ivsy
1
n ~ no_ "o noo_xn
XiJr%,j ~ 12 (7Xm i1 1 7XZ+LJ XZ+2,J)
n+l n+1l n+1 n+l _ n+l
(ch)i_%’j T 12Ax <15 € 15 Cir1 T Civ2g Ci_lvj)
. 1
similarly for g™t
( y guj+%)
These are 4th order approximations.
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Example 2: The Cahn—Hilliard equation

Discretization of the bi-Laplacian operator

AAhc?;rl is a discretization of the bi-Laplacian operator in the cell-centers as follows

AAhc"H ﬁ (cfle i 4c"+1 + 60"+1 40"111 it Cn_:_217 j)
— A1y4 (cf;r_12 —4c ’:jll + 602;“1 40?;&1 + c?jb)
Aa;22Ay (C?*HJ 172 ?;Hl + C?lel,jfl - 2cn+11,J
+Aepf = 20 AT - 20 )
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Example 2: The Cahn—Hilliard equation

Discretization of the bi-Laplacian operator

AAhc?jl is a discretization of the bi-Laplacian operator in the cell-centers as follows

v L o )
(o + )
Aa;22Ay (e l,g V20 A 2
+ 46?,;—1 - QC?J:_IIJ + Cn+1lj+1 20?;11 - cﬁ_ll’j*l)

At At
n+l _ n n+l _ rn+l n+1 n+1 n+1
Cs it Az (fiﬁj * z—u) T Ay (g i+ gi,j—;> VAN

is then solved using GMRES (Matrix is not symmetric ...)
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Example 2: The Cahn—Hilliard equation

Numerical method for hyperbolic approximation

o Explicit second-order MUSCL-Hancock scheme

@ We use either FORCE or Rusanov approximate Riemann solvers (One could also
implement a Roe solver)
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Example 2: The Cahn—Hilliard equation

Spinodal decomposition

We suggest the following initial data

o(z) = 0.01 ((sin(107(1 + x)) — sin (107(1 + x)?)), if z € [-1,0]
| -0.01 ((sin(107(1 — 2)) — sin (107(1 — 2)?)), if = € [0,1].

This function is built in such a way that it is C* over [—1, 1] as well as over R by
periodic prolongation.

0.1 T T T

-0.1 ! .
-1.0 —0.5 0.0 0.5 1.0

(-]
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Example 2: The Cahn—Hilliard equation

Spinodal decomposition (y = 1073, 8 = 10"7, & = 500, 7 = 10°)

t=0.00 t=0.02 t=0.10
0.10
0.05
X
‘% 0.00
~0.05
~0.10 i -1.0 i ~1.0 T
210 05 00 05 L0 —1.0 —05 0.0 05 10 —1.0 —05 0.0 05 10
=[] =[]
t=095 t=0.96
OF 7 a4 LOF 7 A T ] 1.0
. 05F . 05F 05
| | |
= oo00f 1 5 oof 1 = 00
| | |
T 05 1 -05 1 -05

—op M 4 e L Y L 4 —10 .
~10 =05 00 05 10 ~10 =05 00 05 10 ~10 =05 00 05 10
(-] (-] (-]

Figure 5: Comparison of the numerical results between the original model (orange) and its
hyperbolic counterpart (black). N = 2000 computational cells.
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Example 2: The Cahn—Hilliard equation

Spinodal decomposition - Lyapunov function evolution (=~ 6b iterations)

0-6 T T T TorTTTTT

0.5 - F |

04F i

o
&(n
T o3k ]
= 03

0.2F i

1l PR Lol PR
1 10 100 500
-

103 102 107!

l
Figure 6: Lyapunov function evolution over time (F:original, E: hyperbolic.)
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Example 2: The Cahn—Hilliard equation

Lyapunov function evolution (=~ 300 iterations)

0.6 T T T T T AL |
—F

0.5 F |
D
o4t i
LLF 0
I | i
= 0.3

0.2 i

0.1 —3. .“““I—QI .“““I—ll EE—— .“““IQI .“““IBI . 4

10 10 10 1 10 10 10° 4.10

t[=]

Figure 7: Lyapunov function evolution over time (F:original, E: hyperbolic.)
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Example 2: The Cahn—Hilliard equation

Ostwald Ripening in 1D (y = 1073, 8= 10", a = 500, 7 = 10~ %)

t=0
T T T
1.0 1.0
0.5 0.5
| | T
< =00 =00
| |
< < =
—0.5 0.5
~1.0 -1.0
1 1 1 1 1 1 1 1 1
0.0 025 05 075 1.0 0.0 025 05 075 1.0 0.0 025 05 075 1.0
z[~] z[-] [~

Figure 8: Comaprison of the numerical solutions for hyperbolic Cahn-Hilliard model (black line)
and the original model (red dots)for the Ostwald Ripening test case at times ¢t = {0,0.1,0.3}.
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Example 2: The Cahn—Hilliard equation

Ostwald Ripening in 2D(y = 1073, 8 = 10~", a = 500, 7 = 107?)

hyperbolic CH
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Example 2: The Cahn—Hilliard equation

Ostwald Ripening in 2D: horizontal Cuts

t=0.01
10 F T T T
0.5 .
i 0.0 F J
<Q'\ N
0
T 051 ~Cw=0) H
* é(y=0)
~1.0F ~Cy=0.4)
* &(y=0.4)
1 1 T 1 1 1 1 1 1
—0.50—-0.25 0.00 0.25 0.50 —0.50—-0.25 0.00 0.25 0.50 —0.50—-0.25 0.00 0.25 0.50
x[-] x[-] x[-]

Figure 9: Horizontal cuts over the lines y = 0 (red) and y = 0.4 (black). Domain is 600 x 720
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Conclusions

Conclusion and Perspectives

Conclusions
o Diffusion equations can be approximated by hyperbolic models.
@ Not every hyperbolic approximation conserves properties.

@ In both cases, the approach was validated theoretically and numerically using
standard numerical methods.

Perspectives
@ Is it worth it 7 A deeper analysis of ups and downs.

@ A more suited numerical machinery: Semi-implicit discretization, asymptotic
preserving schemes, adaptive time-stepping, etc ...

@ More complex models, couplings with Navier-Stokes equations, etc.
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Thank you for your attention !
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Conclusions

Kinetic theory of rarefied gases: Bhatnagar-Gross-Krook (BGK) model

Kinetic model (cf. W. Haegeman, G. Orlando, M. Massot, S. Kokh (2024)):
Mf] - f

T

ft +v-Vg =
Eight-moments system
pt + div(pu) =0,
(pu): + div(pu ® u + pI) =0,
(pE)¢ + div((pE + p)u + q) =0,

27y —1(0 —1 (ou\"
@+ (u-V)g+ 77 <“+div(u)1>q+7<“> q

ox y ox
5
Lar g (Py a9 b
v—1 P T 3
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Compound shocks
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Figure 10: Schematic representation of the wave pattern in the & — ¢ plane, for a compound
shock solution. The shock propagates to the right, followed by a right facing compression fan.
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Conclusions

Oleinik-Liu admissibility criterion

O. Oleinik (scalar conservation law), B. Wendroff (Euler equations with p, < 0), T.- P.
Liu (systems of conservation laws). ========================

Scalar conservation laws:

The shock is admissible iff

fluo) = fluy) o flu) = fluy)

U_ — Uy o U — Uy

D =

for any w in the interval (uq,u_).
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Admissible states

Conclusions

10

Ut (x1072)
o

= a~10d=5
=08 < i,
2=13> i,
R
=
X
|
>
05  0.75 1 125 15 175

1.75

W—=ta==
=08 < 5,
Z=13> 7,
5L i
0
51 |
05 075 1 125 1.5

Figure 11: Plot of W (L&ft) and W~ (Right) as a function of @ for difféfent values of 3 that
are ». ~1.0399, 5z = 0.8 and 5 = 1.3. v = 2. The dashed lines correspond to non-physical

solutions that do not satisfy ¥ > 0.
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