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The problem PDE

We consider for some interval I C R the scalar initial-value problem

w + f(u), = eUpg + Ygze in Ip:=1x(0,T), T >0,
’LL(,O) = UO(ZU)

where
e u(x,t) is the unknown.
@ f:R — Ris a smooth flux function.
e veR, e>0.
=- Contains several models of wide interest: KdV, mKdV, KdV-Burgers,
mKdV-Burgers, Gardner equation, etc.

= Toy model to describe phase transition dynamics when viscous and capillary
effects are taken into account.
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The problem PDE - purely dispersive case

We consider for some interval I C R the scalar initial-value problem

ur + f(u), = Yugze inIp:=1x(0,T), T >0,

u(+,0) = up(z).
KdV eq: fu) =u?/2, Y#0 = wp+uug + Yugee =0,
mKdV eq: fu) =ud, Y#O = up+ 30’ ug + Yigae =0,
Gardner eq: flu)=v*+pu®, v<0 = wu+ (3u+20u) uy + Ytuges = 0.

@ Smooth solitary waves

@ Dispersive shockwaves in the low dispersion limit v — 0.
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The problem PDE - dissipative/dispersive case

We consider for some interval I C R the scalar initial-value problem

g + f(u), = €Upz + Ygze in Ip:=1x(0,T), T >0,

u(+,0) = up(z).
KdV-B eq: flu) = u2/2, >0, v#0 = w—+ Uy + YUpge = EUygy,
mKdV-B eq: fu) =u?, £>0, v£A0 = w4+ 3utup + Yger = s

@ Smooth solitary waves

@ Possible undercompressive shocks in the sharp-interface limit.
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Lower order formulations-approximations

@ Second-order elliptic relaxation [Corli & Rohde 2012]
ug + f(u)e = —a (u® = ), + e ug,,
-y, = a(u® —c%), 1< a.
@ Second-order parabolic relaxation [Corli, Rohde & Schleper 2014]

ui + f(u)e = —a (U =), +eug,,
(0%

Bcta_’yczz:a(ua_ca)v 0<B<<< 1.
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Lower order formulations-approximations

@ Second-order elliptic relaxation [Corli & Rohde 2012]
ug + f(u)e = —a (u® = ), + e ug,,
-y, = a(u® —c%), 1< a.
@ Second-order parabolic relaxation [Corli, Rohde & Schleper 2014]

ui + f(u)e = —a (U =), +eug,,
(0%

ﬁcta_’yczr:a(ua_ca)v O<B<<< 1.
@ Can we apply a simple wave-type relaxation ?
u £ f(u®)e = —a (u® — %), +eug,,
B =g, = a(u® — ).

Firas DHAOUADI HYP 2026, Stuttgart 3/25



The "hyperbolized’ model
Model properties
Numerical results

Plan of presentati
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The 'hyperbolized’ model
Model properties
Numerical results

First order hyperbolic relaxation (no dissipation)

@ Start from

u + f(u®)e = —a (U =),

ey = ¢y = a(u® =)

@ Consider the change of variables
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The 'hyperbolized’ model

First order hyperbolic relaxation (no dissipation)

@ Start from
ug + f(u®), = (u

—a
Bl — e, = a(u® —¢
@ Consider the change of variables

Then we obtain

ug + f(u)y + a(u® — ), =0,
Buwyt —ypg = a(u® —c%),
e = w?,
Py —wg = 0.
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The 'hyperbolized’ model

First order hyperbolic relaxation (no dissipation)

@ Start from

up + f(u®)e

B — ¢ = a(u® =)

@ Consider the change of variables

« (67 (87

w*=¢', pY=c

Then we obtain

Firas DHAOUADI

= —a(u* — %)

« (83

ug + f(u®)z + 45 =0,

= Py —py =97,

VP + af (u)s + any

py —wg =0.
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The 'hyperbolized’ model

First order hyperbolic relaxation (no dissipation)

@ Start from

U? + f(ua):p =

—a(u* —¢

By =6 = a(u® =)

@ Consider the change of variables

— O _ L&
w- = ¢, P =cCg,

Then we obtain

Firas DHAOUADI

P =a(u® —c%).

ug + f(u®)z + 45 =0,

= | af(u), + oy = —aw?,

Bwit — ypg = P,
Py —wg = 0.
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The 'hyperbolized’ model

Hyperbolicity

We write the homogeneous system in quasilinear form
Ug + Df(U*)U%, = 0.

where the Jacobian is given by

ffluy 1 0 0
| aff(u) o 0 0
Df(U) = 0 0 0 —v/8
0 0 -1 0
The eigenvalues of Df(U) compute as the real numbers Ay, ..., \y given by

)\12—\/’}// s )\220, )\3:\/’)// s )\4:f’(u)—|—a.

= System is hyperbolic
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The 'hyperbolized’ model

Hyperbolicity

We write the homogeneous system in quasilinear form
Ug + Df(U*)U%, = 0.

where the Jacobian is given by

ffluy 1 0 0
| aff(u) o 0 0
Df(U) = 0 0 0 —v/8
0 0 -1 0
The eigenvalues of Df(U) compute as the real numbers Ay, ..., \y given by

)\1:_\/’77 )\2:07 )‘3:\/’77 )\4:f’(u)—|—04
= System is hyperbolic only if |~/3 > 0

Firas DHAOUADI HYP 2026, Stuttgart 6/25



The 'hyperbolized’ model

The mistake...

... Comes from the very beginning

uf + f(u®)e = —a(u® —c%),,

B — Y = a(u® = ).

The second equation is a wave-type operator only if 5 and -y are of same signs!
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The 'hyperbolized’ model

The mistake...

... Comes from the very beginning

uf + f(u®)e = —a(u® —c%),,

B — Y = a(u® = ).

The second equation is a wave-type operator only if 5 and -y are of same signs!

The fix

ug + f(u®)z = —sgn (v)

«
503—‘7‘0593204
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The 'hyperbolized’ model

Second attempt hyperbolic system

Now the system writes as
ug + (f (u®) +sgn(y)y®), = 0,
Ui+ o (f(u®) +sgn(7)P), = —aw®,
wi =B ps = BT,
pf— wy= 0

the Jacobian is now given by

f'(u)  sgn(y) 0 0
af'(u) asgn(y) 0 0
Df(U) =
e e R
0 0 -1 0
The eigenvalues of Df(U) compute as the real numbers Ay,..., \y given by

A=—VPI/B, =0, As=+V]y/B, M= f'(u)+asgn(y).

Firas DHAOUADI HYP 2026, Stuttgart 8/25



The 'hyperbolized’ model
Model properties
Numerical results

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of ~.
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Model properties

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of v. We
can also show:

© can be derived from a variational principle.
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Model properties

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of . We
can also show:

© can be derived from a variational principle.

@ has an entropy/entropy flux pair such that

°(U) = sen()Flu) + 292 w4+ Du?, ) = fw)

2
Bp -+ (§70% + S0+ sen) sy~ hlpw) =0
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Model properties

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of . We
can also show:

© can be derived from a variational principle.

@ has an entropy/entropy flux pair such that

°(U) = sen()Flu) + 292 w4+ Du?, ) = fw)

2
B+ (5P + fw + sgnw% ) =0

© is symmetrizable = local well-posedness.
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Model properties

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of . We
can also show:

© can be derived from a variational principle.

@ has an entropy/entropy flux pair such that

°(U) = sen()Flu) + 292 w4+ Du?, ) = fw)

2
B+ (5P + fw + sgnw% ) =0

© is symmetrizable = local well-posedness.

@ has a full set of Riemann invariants
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Model properties

Summary and honorable mentions

So far we have obtained a first-order hyperbolic system, regardless of the sign of . We
can also show:

© can be derived from a variational principle.
@ has an entropy/entropy flux pair such that

°(U) = sen()Flu) + 292 w4+ Du?, ) = fw)

1 1/;2

B+ (5P + fw + Sgn(7)7 ) =0
x

© is symmetrizable = local well-posedness.

@ has a full set of Riemann invariants

What about the promised extension to the dissipative case ?
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Viscous extension

Introduce the following relaxed system

ur + f(u)e +sgn(y)a (u—c), = gy,

Blew) = leer = a(u—¢)



The 'hyperbolized’ model
Model properties
Numerical results

Viscous extension

Introduce the following relaxed system
U/t + f(u)l‘ + Sgn(fY)a (u - C)x = €ul‘$7

Blew) — [vleza = a(u —c)
This did not work, full system was not dissipative!
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The "hyperbolized’ model
Model properties
Numerical results

Visco-elastic relax

Introduce the following relaxed system
ur + f(u)e +sgn(y)a (u—c), = gy,

Blew—ccrut) — [V|cza = a(u—c)



Model properties

Visco-elastic relaxation

Introduce the following relaxed system
'U/t + f(u)ib‘ + Sgn(’}/)a (U - C)g: = guxl’a

Blew—cCrat) — |V|Coz = @ (u—c)

77b :CK(U—C),

Define the variables
p - C.T:

W = Ct — ECxy,

Obtain
us + (f(u) +sgn(y)Y), = i,
e+ o (f(u) +sgn(v)Y), = —ow + e,
wy = B~ lpe = B,
Pt — Wg = EPxa
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The "hyperbolized’ model
Model properties
Numerical results

Visco-elastic relaxat

%/IEQ(U)dx - —a/l<sgn( ) ()i + 1Pz + %)

< 0.
Entropy stable for v f(u) increasing in w.



Model properties

Visco-elastic relaxation

CZ/IE“(U)dm = —6/I<Sgn(7)f( Juz + o + w2>

< 0.

Entropy stable for «f(u) increasing in w.
Compatible with one of the original system entropies. Indeed

ur + f(u)r = EUgy + YUgzx
admits (among others) the entropy

|y|u

Elu] = sgu(y)F(u)+ =

satisfying
Z/IE[U] dx = —8/] ((sgn(’y)f’(u)u?t + ]fy\ufm)) dx
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@ The 'hyperbolized’ model

© Model properties

© Numerical results



Numerical results

Semi-Implicit Lax Wendroff - Intercell values

In order to solve the hyperbolic-parabolic system
Uy +f(U%), =SU* 4+ DU,
We use a semi-implicit Richtmeyer-Lax-Wendroff method.

. . +3 .
1) We first evaluate the intercell values U?i 2 via

2

n—l—l 1 n At A -|—l
Ur=3 (U7 +U) - AT (f (U) - £(U) + = 8T, +§
n+% 1 At At +%

it (£(U7) — £ (UL)) + = SU”

=~ (U U~ ax;

whose values can be computed explicitly as

1>
2

b= (- 80s) (S o) E AL ruz) —rwn)).

1
2
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Numerical results

Semi-Implicit Lax Wendroff - Update and parabolic terms

The solution of the hyperbolic first-order part of the system is then given by

At n+ n+ At n+ nti
U=uU'-—|(f(U. ¢2)-f(U —SUQUQ
se (o) e(or)) - s (o ooy
Finally, the solution at the new time, accounting for the second-order terms (present
for e > 0) is
At

U?“zUjerD( f—2Ur + UL
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The 'hyperbolized’ model
Model properties
Numerical results

KdV 1-Soliton solution

0.6 T T T
Target problem
0.4
ug + 6uty = Yzgr, %
v v
u(z,0) = —sech? —x |, 0.2+
2 Aly|
Periodic BC.
0.0 5 :

I. = [-2,2] with N = 1000 cells, y = —1072,a = 10® and 3 = 1075. Wave velocity V = 1
and final time is T' = 100 (25 periods).
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Numerical results

KdV 2-Soliton solution

Target problem
'ut + 6uuac = —Ugxzx,
2(Vi — Vi) (Vi cosh? 05 (z) + Vo sinh? 64 ()
(VVi + Vo) cosh (01 () — Oa(2)) + (vVVi — v/Va) cosh (6 (z) + 0a(x)))*

where 0;(x) = \/Vj(x —x;)/2, j=1,2
Periodic BC.

u(z,0) =
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The 'hyperbolized’ model
Model properties
Numerical results

KdV 2-Soliton solution

r—— t=25

200 45
Target problem i
§ 15F
ut + 6uuy = —Uggq, 3 r
S [
u(x,O) =... 1.0 C
0.5F
| Periodic BC.

—-15 —10 )

I. = [-15,15] with N = 2000 cells, o = 4000 and 3 = 1075, Final time is 7' = 60.
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Numerical results

KdV 2-Soliton solution (z — t) diagram

N

2.0

1.5

1.0

0.5

0.0
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The 'hyperbolized’ model
Model properties
Numerical results

KdV negative hump DSW

1.0 —

0.5}
Target problem
3
up + 6uty = Ylzer, = 00
u(z,0) = —sech?(x), [
Periodic BC. —057

1.0k

t=0.000 ]
t=0.100 A

0
X

295 00

I. = [-5,5] with N = 8000 cells, v = =10~ o = 10% and 8 = 10~7. Final time is T = 0.4.

Firas DHAOUADI
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Numerical results

KdV negative hump DSW

1.0 fF=————————r 0.40

—— Numerical solution (¢t = 0.4)
“““““ DSW envelope -
0.5 1 ] 0.35

L 0.0 Wi 1 =030

—05¢ UL FI 0.25

_1'0—' PG e 020 L L 1
—4 —3.5 -3 —2.5 -2 240 —-35 —30 —-25 —20 —-15 —1.0
T

(a) Comparison of the numerical solution with

the Whitham envelope for the target problem. (b)  —t diagram of the numerical solution at the
onset of the DSW formation.

I, = [-5,5] with N = 8000 cells, vy = —10"%, & = 10% and 8 = 10~7. Final time is T = 0.4.
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The 'hyperbolized’ model
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Numerical results

KdV negative hump DSW - low dispersion limit —-

t=0.4
: ——— T T T
[ —— Whitham envelope
0.5
0.0f
S I
—0.5¢
~1.0f ]
—4.0 —-3.5 —-3.0 —2.5 —-2.0

x

I. = [-5,5] with N = 60000 cells, y = —107%, o = 10® and 8 = 10~7. Final time is T = 0.4.
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The 'hyperbolized’ model
Model properties
Numerical results

KdV Riemann problem

2.0F ! I I I p
1.5} ]
Target problem '
L 1.0 ;
Ut + Uy = YUgza, r
- 1 if z<0, 0.5 F === Initial data
U(J"’ 0) - {O if x>0. [ —— Numerical solution (¢t = 2)
- 0.0 :_ —— DSWenvelope 1
-8 —6 —4 —2 0 2

T

I. = [-8,2] with N = 10000 cells, y = —107%,a = 10® and 8 = 10~7. Final time is T = 0.4.
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The 'hyperbolized’ model
Model properties
Numerical results

KdV-Burgers Traveling wave front

Target problem

Ut + Uy = EUgy + VUzzz,

a2
u(z,0) = 5 2+ 2tanh | —— ) +sech? [ =2 ) ).
257 10y 10y
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The 'hyperbolized’ model
Model properties
Numerical results

KdV-Burgers Traveling wave front

0.2 LA E D B N B R R R E A A A A L S S S
- — t=00 |
— t=25 1
[ — t=50 ]
0.0 | — t=75 ]
Target problem I — =100 |
3 r 4
S _02f -
Ut + UUy = EUgy + VUzza,
u(x,0) = ... - ]
(z,0) oal ]
-3 -2 -1 0 1

xT
I, = [-3,1] with N = 2000 cells, v = 107, o = 10* and 8 = 1075. Solution is shown at
different times up to 1" = 10.
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Numerical results

Convergence in the relaxation parameters

) N = 20000 and 8 =107 ) N =20000 and o = 10% ) N =20000 and 8 ~ o™t
1073 g 1073 g T T T T 1O P ey v g ey g
E ™ er4 e E e ;
eL, 10-4L €Ly 10-4L eLy |
—— er, —— er_ E —— er. ]
1075 10-° r d
105 1070k
107 1077 10°7L ]
10785“‘ T B sl T 1078?1 - + L L - 10785““ T R il T B 3
10 10t 102 10% 10 0t 105 109 107 10%  10° 0% 10t 102 10° 10

a Bt a

Figure 6: Convergence plots in different error norms. Left: Error decay and saturation for fixed
B and a — oo. Middle: Error decay and saturation for fixed 8 and @ — oo. Right: Linear error
decay for 8 =~vya~! and a = cc.
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Numerical results

mKdV-Burgers Undercompressive shock

up + 3uPuy = gy — YUgzzs
u(zx,0) = % (us +u— — |ug —u_|tanh (Az/ /7)),

22 2e2 g U s
U_ = —y|—, up=-u_— {/—, = —.
¥ + 9y 24/2

For these values, in the zero dispersion/dissipation limit, an undercompressive shock is
obtained since the corresponding shock is subsonic both ahead of and behind the wave:

wd b
u_ ~ —4.47, ug ~ 2.97, s§= — =
Uy — U—

A_ ~ 59.94, At =~ 26.46, s~ 15.52

parameters: £ = 1072, vy = 107
Firas DHAOUADI HYP 2026, Stuttgart 23/25



The 'hyperbolized’ model
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Numerical results

mKdV-Burgers Undercompressive shock

4——]_ t=0 Lt‘:‘tl ]—t=t2 E ]

2f :

s Or ]
ot ]
Ll ]
T T

0 05 =z 1 Ta 2

X
I. = [-0.1,2] with N = 10000 cells, ¥ = 107°, o = 10® and 8 = 107!, Solution is shown at
different times up to 7' = 10.
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Numerical results

Conclusions - Perspectives

Summary

© A new first-order hyperbolic model for general conservation laws with
dissipative/dispersive regularization is presented.

@ Convergence of its solutions towards those of the original model is proven for
sufficiently regular solutions.

© The numerical results shows applicability of the approach for several PDEs.
Perspectives

@ Performance - comparison with existing methods ? Is it worth it ?

@ Fully hyperbolic model ?

© Vanishing-viscosity solution convergence for hyperbolized system 7
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Numerical results

Conclusions - Perspectives

Summary

© A new first-order hyperbolic model for general conservation laws with
dissipative/dispersive regularization is presented.

@ Convergence of its solutions towards those of the original model is proven for
sufficiently regular solutions.

© The numerical results shows applicability of the approach for several PDEs.
Perspectives

@ Performance - comparison with existing methods ? Is it worth it ?

@ Fully hyperbolic model ?

© Vanishing-viscosity solution convergence for hyperbolized system 7
Side (but important) note

@ Global well-posedness and convergence of solutions of the relaxed system towards
those of the original model is proven for sufficiently regular solutions.

Firas DHAOUADI HYP 2026, Stuttgart 25/25



Numerical results

Thank you for your attention !

[1] Barthwal, Rahul, Firas Dhaouadi, and Christian Rohde. " On hyperbolic approximations for a class
of dispersive and diffusive-dispersive equations.” arXiv preprint arXiv:2512.04882 (2025).
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Numerical results

Convergence of solutions (also works for ¢ = 0)

Theorem (Main result)

Let ug € HS(I), and suppose |f(u)'|,|f(u)"| < L. We assume that
u € L0, T; H3(I)) with uy € L?(Ir) and [wll oo (0,7, 14 (1)) < 00 is @ classical
solution of

Ut + f(u)a: = EUgz + VUzza, u(l‘a 0) = UO(«T)

Consider for B = a™!, a sequence {U® = (u®, ¢, wa,p"‘)T}a>D of weak entropy
solutions of
Uy +£(U%), =S(U%*) + DU, + Well-prepared IC

Then there is a constant C' = C'(L,d,u) > 0 that is independent of a such that

[ — + [Ip® — ua]

~1/2
e (0,75L2(1)) ) < Ca™'/2,

e (0,15L2(D)
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Numerical results

Convergence of solutions - proof elements

© Write the original system in a similar form as its approximation.

ug + f(u)y +sgn(y)y, =0,
1
L 4 Fw)e + s8n(y) s = —0 — ~ylutgar,
o 8]

Bwe — |Y|pz = ¥ + Pu,
Pt — wg = 0.

@ Use Relative entropy framework.

© Gronwall type arguments.
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The 'hyperbolized’ model
Model properties
Numerical results

"Homogeneous Neumann” Boundary conditions

20—mmMm ——————————— 77—
[ — p*(2£,0)=0
[ == p&(zL,0)=0
1.5 ?f,‘ 7
S,
’LLX(.’L'L,t) = Ux(xR,t) = O, 53 1.0 L , _
w){(xlnt) =1 ( R7t) =0, !
wx(xLat) = wx(nyt) = Oa 0.5+ i
p(zr,t) =p(xg,t)=0. _
ooe— ]
—6 —4 —2 0

Comparison of suggested "Neumann” boundary conditions with classic Neumann boundary
Firas DHAOUADI HYP 2026, Stuttgart 25/25



The 'hyperbolized’ model
Model properties
Numerical results

Dissipative extension

@ Simply insert the parabolic term back to the system
up + (f(u®) +sgn(y)y®), = cui,,
Ui+ a(f(u®) +sgn(y)y?), = —aw?,
wi =B ey = BTN,
py— wy= 0
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The 'hyperbolized’ model
Model properties
Numerical results

Dissipative extension

@ Simply insert the parabolic term back to the system

ug 4 (f(u®) + sgn(v)v%), = cui,,
Ui+ a(f(u®) +sgn(y)y?), = —aw?,
wi =B ey = BTN,
pi— wy= 0
@ Derive the energy equation
1 a2
B+ (P + ) sen) o — plptot) ==
= (ef (u)ug), — f'(u®)(ug)?
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Numerical results

Dissipative extension

@ Simply insert the parabolic term back to the system

ug + (f (u®) +sgn(y)v), = cug,,
U+ o (f(u®) +sgn(y)y?), = —aw?,
wi =B g = BT,
pp— wy= 0
@ Derive the energy equation
1 a2 :
E} + <2f(u°‘)2 + f(u)y + sgn(’y)% - ]’y\pawa) = cef(u®)us,.
= (ef (u)ug), — f'(u”)(ug)?

Dissipated entropy for increasing flux functions f(u).
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