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Navier-Stokes-Korteweg equations

In general, the equations write

pt + div(pu) =0
(pu); +div(pu ® u) + Vp(p) = S + K

where p = p(x,t), u = u(x,t) and (x,t) € R? x [0, T]
The (viscous) Navier-Stokes stresses are given by

2
S=u <Vu +vVu! — gdiv(u)I)

The (dispersive) Korteweg stresses are given by:

K = pV <K(p)Ap + %K/(P)VPP)
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Hyperbolic reformulation of The Euler-Korteweg system
Extension to the Navier-Stokes-Korteweg system
Numerical results

Dissipationless Euler-Korteweg equations

The equations write :

{ pt + div(pu) =0
(pu); + div(pu @ u) + Vp(p) = pV (K (p)Ap + 5K (p)|Vpl?)

where p = p(x,t), u = u(x,t) and (x,t) € R? x [0, T]
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(pu); + div(pu @ u) + Vp(p) = pV (K (p)Ap+ 5K (p)|Vpl?)

where p = p(x,t), u = u(x,t) and (x,t) € R? x [0, T]

e K(p) =~ : Compressible flow with surface tension

{ pt + div(pu) =0
(pu)e + div(pu @ u) + Vp(p) = 7pV(Ap)
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Dissipationless Euler-Korteweg equations

The equations write :

{ pt + div(pu) =0
(pu); + div(pu @ u) + Vp(p) = pV (K (p)Ap+ 5K (p)|Vpl?)

where p = p(x,t), u = u(x,t) and (x,t) € R? x [0, T]

e K(p) =~ : Compressible flow with surface tension

{ pt + div(pu) =0
(pu)e + div(pu @ u) + Vp(p) = 7pV(Ap)

o K(p) =z, : Quantum hydrodynamics

pt + div(pu) =0
(pu)y + div (pu ® u+$Vp ® Vp) +V (%—iAp) =0
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Dissipationless Euler-Korteweg equations

The equations write :

{ pt + div(pu) =0
(pu); + div(pu @ u) + Vp(p) = pV (K (p)Ap + 5K (p)|Vpl?)

V\Iﬂaro o— ol~ 4)Y 31 — 33l~ ) Aand (~ -/-\CTD)d [(N_T1

T = X="77)7 N7/ N7/ L=7 1

e K(p) =~ : Compressible flow with surface tension

! Pt —i— dlv(pu) =0

C PO T i pa o o)+ VIR P = TPV ()

o K(p) =z, : Quantum hydrodynamics

pt + div(pu) =0
(pu)y + div (pu ® u+4pr ® Vp) +V (%—iAp) =0

Firas DHAOUADI CEDYA 2022, Zaragoza 2/22



Main objective

Given the Navier-Stokes-Korteweg system of equations :
pt + div(pu) =0 |
(pu); + div(pu ® u) + Vp(p)= pV (K(p)Ap + §K’(p)Vp\2>

2
+u (Vu +Vul — gdiv(u)I)
v' General model for viscous-dispersive fluid flows.
v" A diffuse interface option for viscous two-phase flows.
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Main objective

Given the Navier-Stokes-Korteweg system of equations :

pt + div(pu) =0 |
(o + divipu s )+ Vp(p)= o7 (K(p) 20+ 5K 7P

2
+u (Vu +Vul — gdiv(u)1>

v' General model for viscous-dispersive fluid flows.

v" A diffuse interface option for viscous two-phase flows.

X contains high order derivatives (2nd and 3rd order).
= Crippling time-stepping.
= Has non-local operators.

X Often associated with non-convex equations of state.
= Loss of hyperbolicity in the left-hand side.
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Main objective

Given the Navier-Stokes-Korteweg system of equations :

pt + div(pu) =0 |
(pu): + div(pu ® u) + Vp(p)= pV (K(p)Ap + §K’(p)Vp\2>

2
+u (Vu +Vul — gdiv(u)1>

v' General model for viscous-dispersive fluid flows.

v" A diffuse interface option for viscous two-phase flows.

X contains high order derivatives (2nd and 3rd order).
= Crippling time-stepping.
= Has non-local operators.

X Often associated with non-convex equations of state.
= Loss of hyperbolicity in the left-hand side.

Suggested solution
A first-order hyperbolic reformulation of the NSK system!
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Outline

@ Hyperbolic reformulation of The Euler-Korteweg system

© Extension to the Navier-Stokes-Korteweg system

© Numerical results
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Hyperbolic reformulation of The Euler-Korteweg system

Lagrangian for the Euler-Korteweg system

(EK) system can be derived from the Lagrangian :

2 2
£:/ (p\u] —W(p)—'yv—p’> dS2
o \ 2 2

Hamilton's principle
+
Differential constraint : p; + div(pu) =0

\4

()¢ + div(pu @ u) + V(p(p)) = 7pV(Ap)

with p(p) = pW (p) — W(p)
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Hyperbolic reformulation of The Euler-Korteweg system

Augmented Lagrangian approach

L(u,p,Vp) = /

Q4

1 Vol
<§p [ul* = W(p) - 7%) ds

pt +div(pu) =0

'Augmented’ Lagrangian approach

~

‘C(ua Py 1, Vn) (77 — 10)
" ‘u‘z ‘Vﬁ‘z 1 2
L_/Qt<p2 W(p) =15t —50=(p=n)" | a0

1
— (p— 77)2 : Classical Penalty term
2ap
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

Deriving the system of governing equations yields:

(pt + div(pu) =0
(pu)¢ + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)

7\

K, = (1\an2 - Z (1 - Q)) Id —yVn® Vn
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

Deriving the system of governing equations yields:

7\

(pt + div(pu) =0
(pu) + div (pu @ u) + V (pW'(p) — W(p)) = div(Ka)

—van=3(1-3)

Replacing the relaxation term in the stress tensor yields

y
K, = (g\VW + “mAn) Id - YVn® Vn
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

Deriving the system of governing equations yields:

(pt + div(pu) =0
(pu)¢ + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)
A= (1-3)

N\

Replacing the relaxation term in the stress tensor yields
Y
K, = (glvn\Q + ”mAn) Id —yVn & Vn
Reminder: Original Korteweg stress tensor

K = (%WP\Q + wAp) Id —7Vp® Vp
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

Deriving the system of governing equations yields:
( oy + div(pu) = 0

(pu)e + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)
[an=a (1)

Replacing the relaxation term in the stress tensor yields

N\

K, = <%!V77\2 + vnM) Id — 7V ® Vn
Reminder: Original Korteweg stress tensor

K = (%]Vp\Q + va,o) Id —+vVp® Vp

div(K) = vpV(Ap), div(Kas) =0V (An)
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

This is the system we have
(pt + div(pu) =0

(pu)¢ + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)
A= (1-3)

where:

7\

K, — (l\vnP _I (1 _ Q)) Id — vV ® Vn
2 « Iy
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

This is the system we have
(pt + div(pu) =0

(pu)¢ + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)
A= (1-3)

where:

7\

K, — <l\vn\2 _I (1 _ Q)) Id — vV ® Vn
2 « Iy

The obtained system :
X still contains high order derivatives.
X is not hyperbolic.
X has an elliptic constraint.
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Hyperbolic reformulation of The Euler-Korteweg system

Preliminary system

This is the system we have

(pt + div(pu) =0

(pu)¢ + div (pu®@u) + V (pW'(p) — W(p)) = div(Ka)
()it |—yAp=1 (1 — %)

where:

7\

\

K, — (1\%\2 _I (1 _ Q)) Id — vV ® Vn
2 « Iy

The obtained system :
X still contains high order derivatives.
X is not hyperbolic.
X has an elliptic constraint.

Idea : Include 7 into the Lagrangian !
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Hyperbolic reformulation of The Euler-Korteweg system

Augmented Lagrangian - Attempt 2

Augmented Lagrangian approach

~

L(u,p,n,Vn,m) o<1
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Hyperbolic reformulation of The Euler-Korteweg system

Augmented Lagrangian - Attempt 2

Augmented Lagrangian approach

~

L(u,p,n,Vn,m) o<1

A \U|2 Y 2 1 2, Bp .9

v

t1 5
‘Hamilton’s principle : a = L dt
to
fpt + div(pu) =0
(pu)¢ + div (pu @ u — Ka(p,n,Vn)) + VP(p) =0

(Bpi)e +div (Bpina — V) = § (1 _ %)

7\
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Hyperbolic reformulation of The Euler-Korteweg system
Extension to the Navier-Stokes-Korteweg system
Numerical results

Order reductions

@ We denote w = 1. Thus:

w=mn+u-Vp = |(pn) + div(pnu) = pw
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Hyperbolic reformulation of The Euler-Korteweg system

Order reductions

@ We denote w = 1. Thus:

w=mn+u-Vp = |(pn) + div(pnu) = pw

@ We denote p = V1. Again take :
w=1mn+u-Vny
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Hyperbolic reformulation of The Euler-Korteweg system

Order reductions

@ We denote w = 1. Thus:

w=mn+u-Vp = |(pn) + div(pnu) = pw

@ We denote p = V1. Again take :
Vw=V(n+u-Vn)

— p: +div((p-u—w)lg) =0
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Hyperbolic reformulation of The Euler-Korteweg system

Final form of the hyperbolic Euler-Korteweg system

(pi + div(pu) =0
(pu); + div (pu @ u + (pW'(p) — W(p)) Id — K,) = 0
(Bpw); + div (Bpwu — yp) = % (1 _ %
p: +div((p-u—w)ld) =0, curl(p)=0

L (pn)t + div(pnu) = pw

7
o= (3o -5 (1-7) ) 1a- e
ol p

7\
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Hyperbolic reformulation of The Euler-Korteweg system

Final form of the hyperbolic Euler-Korteweg system

rpt + div(pu) =0
(pu)¢ + div (pu @ u+ (pW'(p) — W(p)) Id — Kq) =

(Bpw)t + div (B,Owu — fyp) = é (1 — %
p: +div((p-u—w)ld) =0, curl(p)=0
L (pn)t + div(pnu) = pw

g n
Ko = (§‘p‘2_ﬁ<1__)>ld_7p®p
ot p

@ Main question : Is this system hyperbolic ?

7\
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Hyperbolic reformulation of The Euler-Korteweg system

Hyperbolicity in 1D

1D case: u = (u,0,0)" and p = (p,0,0)": We can write the
system in its quasi-linear form

Q: +A(Q)Q. =S(Q)

where Q is the vector of primitive variables, A = A(Q) is the
jacobian matrix of the flux, and S = S(Q) is the vector of source
terms, all of which are given by

w p 0 0 0 0 ( 0
az; u 0 lf aos u 0
_ Ty _ | L ({_n
A=l 0 0 uw - 0 |,Q=|w |.,S=]| & ( :
0 p -1 U 0 D 0
0 0 0 0 w 7 \  w

. 2
with az1 = W"(p) + Ly and azs = 4 (1 B 2_;7)
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Hyperbolic reformulation of The Euler-Korteweg system

Hyperbolicity in 1-D

A admits 5 eigenvalues that can be expressed as follows :
Reminder (P(p): hydrostatic pressure, p = 1,)

/ (1 =5(0” +af +a +a})
U _ 1 2 2 2 232 2,2
¢2——\/(a + a2 + a2 — a%)? + 4asa
u+W+w2\ ’ e 2

E=| utVBi—ws | with { o /7P, a = [1p
Vi1 + 2 g
\u— v

a’: adiabatic sound speed.
a~: wave speed due to capillarity .
aq and ag: First and second relaxation speeds.
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Hyperbolic reformulation of The Euler-Korteweg system

Hyperbolicity in 1-D

A admits 5 eigenvalues that can be expressed as follows :
Reminder (P(p): hydrostatic pressure, p = 1,)

( (1= 30" + o 4k 4 ad)
U _ 1 2 2 2 232 2,2
¢2——\/(a + a2 + a2 — a%)? + 4asa
u+\/¢1+¢2\ ? oo e 7

= utVr—th | with ¢ (= /2P/(p), a, = Lp2
V1 + 1o g
\ Vi )

a”: adiabatic sound speed. (negative in non-convex regions!!)

a~: wave speed due to capillarity .
aq and ag: First and second relaxation speeds.
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Hyperbolic reformulation of The Euler-Korteweg system

Van der Waals equation of state

In the context of two-phase flows, the equation of state is

non-convex
RT
p = P —a,pQ, a>0,0>0
1—0bp
p(p) ‘
5 pressure |
4 ]
3 _
2 |
1 |
O _
-3 I I !

0 015 1 115 2 2.5 P
Figure 1: Van der Waals pressure for T'=0.85,a =3,b=1/3,R =8/3
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Extension to the Navier-Stokes-Korteweg system

Navier-Stokes-Korteweg equations

In general, the equations write

pt + div(pu) =0
(pu); +div(pu ® u) + Vp(p) = S + K

where p = p(x,t), u = u(x,t) and (x,t) € R? x [0, T]
The (dispersive) Korteweg stress tensor is given by:

1
K = pV (vAp + §K’(p)!Vp2>
and the (viscous) Navier-Stokes stresses are given by

2
S=u (Vu + Vul — gdiv(u)1>
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Extension to the Navier-Stokes-Korteweg system

Godunov-Peshkov-Romenski Model of continuum
mechanics

Deformation gradient:

(%7;
= [a Xj] HOY
Inverse Deformation gradient:
A_ _ F_l _ [aXZ]
aib'j
Ot(A) + V(Au) + 0A 8_AT u=20 (Solids)
! " 0x 0x N !
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Extension to the Navier-Stokes-Korteweg system

Godunov-Peshkov-Romenski Model of continuum
mechanics

Deformation gradient:

(95137;
F- 5% o0
Inverse Deformation gradient:
A _ F_l _ [aXZ]
8:1;7
O0¢(A) + V(Au) + 8_A_ 8—AT -u=0 (Solids)
! " 0x 0x v o
Oi(A) + V(Au) + 0A _ a—AT : —ES(A) (Fluids)
! " ox ox v T Hies
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Hyperbolic reformulation of The Euler-Korteweg system
Extension to the Navier-Stokes-Korteweg system
Numerical results

Hyperbolic NSK = Hyperbolic EK + Hyperbolic NS

(Black: Euler part, Red: Dispersive part, Blue: Viscous part.)

O¢(p) + div(pu) =0

(pu) + div (pu @ u+ (pW'(p) — W(p))ld — K, — o) =0
(

(

pn) + div(pnu) = pw
Ot (pw) + div (pwu — %p) — &_15 (1 _ g)

hp)+V(p-u—w)=0, Vxp=0

Oy
Oy

ox  \ Ox T

B(A) + V(Au) + (aA (aA)T> 1= =2 det(A)*/? Adev(G)

o= —pc’Gdev(G) where G = ATA
where ) ,
Ky=-p®p+ (%!p\ — (1— ;))Id
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Hyperbolic reformulation of The Euler-Korteweg system
Extension to the Navier-Stokes-Korteweg system
Numerical results

Reformulation of the NSK system

Black: Euler, Red: Dispersive, Blue: Viscous, Green: Curl Cleaning

di(p) + div(pu) =0
O¢(pu) + div (pu @ u+ (pW'(p) = W(p))Id — K, —0) =0
Oe(pn) + div(pnu) = pw

O (pw) + div (pwu — %p) — aiﬁ (1 _ g)

ou\’ op
p:—Vw+|— | p+ (= |Ju+2a. Vxe¢p=0
0x 0x

T
wt—k(a—w) u—ac\/§pr:0
0x 0

Ai(A) + V(Au) + (aA - (8A) ) 1= =2 det(A)*/? Adev(G)

aox  \ 0x T

Y = (Y1,19,13)1 : Curl cleaning field.
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Extension to the Navier-Stokes-Korteweg system

Eigenvalues - Hyperbolicity

= 21 Eigenvalues (Linearized around A =1I,p = (p1,0,0)%)

Transport: \{_g = uq,
A10—11 = U1 + Cs,

shear waves:
A12-13 = U] — Cs,

AM4a—15 = U1 — \/V/P ac,
M6—17 = U1 + /V/p ac,

Cleaning waves: {

Mixed waves:

(102 a2 A2 2 2
()\18:11,1— 7T 7, Z1 = 5(ag + a; + a3 + ag, +a5)

<>\19=u1— 7 =7, Zgz\/Z2—a(a0+a2+a2
s 3

A2o = U1+ 21+ 2o ap =/ pW"(p), as=1/3 3c2

(A2t = w1 +V 2y — 2 \aa:%, ag = lj a, =
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Numerical results

Brief summary of the numerical method

We are interested in general hyperbolic equations of the form

£ V-F(U)+B(U)- VU = S(U)
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Numerical results

Brief summary of the numerical method

We are interested in general hyperbolic equations of the form

%—U +V . F(U)+B(U)- VU = S(U).

@ We use a one-step fully explicit ADER-DG scheme, based on a
weak formulation of the PDE in space-time

tn/ﬁ/% (—+V (U)+B(U)-VU> dQ dt = tn/lwk (S(U)) dQ dt.
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Numerical results

Brief summary of the numerical method

We are interested in general hyperbolic equations of the form

%—U +V . F(U)+B(U)- VU = S(U).

@ We use a one-step fully explicit ADER-DG scheme, based on a
weak formulation of the PDE in space-time

tn/ﬁ/% (—+V (U)+B(U)-VU> dQ dt = tnflwk (S(U)) dQ dt.

@ A posteriori Weno limiting (MOOD approach) is considered.
@ We use the Rusanov solver for the conservative fluxes.
@ Path-conservative method for non-conservative terms.

@ Mesh: Uniform cartesian Grid.
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Numerical results

Oscillatory TW solution

s T

numerical —

exact - —-
1.8 f
1.7 + f
1.6 f
1.5 | =
14 | =

13 | | | | | | |

4 4.5 5 5.9 6 6.5 7 7.5 P

Superimposed numerical solution and exact solution of original model at
t=4. (Obtained with a P,P; ADER-DG scheme + WENO3 subcell
limiting on a grid with 512 cells with v = 0.001 ,u = 0.0075, ¢s = 10,
a = 0.001, 8 = 0.00001)
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Numerical results

2D Ostwald Ripening

20 Bubbles result (Obtained with a P3 P; ADER-DG scheme + Periodic
boundary conditions + WENO3 subcell limiting on a 288 x 288 grid with
v =0.0002 ,u = 0.01, ¢s = 10, a = 0.001, 5 = 0.00001)
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Numerical results

Conclusion and Perspectives

Conclusion

@ We presented a hyperbolic relaxation to the
Navier-Stokes-Korteweg equations.

@ It works.
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Numerical results

Conclusion and Perspectives

Conclusion

@ We presented a hyperbolic relaxation to the
Navier-Stokes-Korteweg equations.

@ It works.
Perspectives

@ Application of structure preserving schemes, in particular
exactly curl-free schemes.

@ Splitting of the fluxes to separate fast waves for less
constraining time-steps (IMEX, Semi-Implicit, ...)

@ Investigation of the sharp interface limit (v — 0) and
Asymptotic Preserving schemes.

@ Generalization of the hyperbolic model to the non-isothermal
case.
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Thank you for your attention |
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Numerical results

Dispersion relation

103 ¢ 107 S e,
i . 10°L
2 107} 1 ‘
= [ n
i3, & )
E = 10°
- 0t 5
2 107 Z
= i 10t ¢ ~
Q{ E \\ i

6
1 il el R ]_0*1 el R N \ R
1 102 104 106 101 103 10° 107 107
wavenumber k[—] wavenumber k[—]

Figure 2: Plot of the phase velocity (left) and the decay rate for several
values of « along their counterparts for the Navier-Stokes-Korteweg
system. The model parameters are as follows v = 1073, ;1 = 10~ and
p=1.8
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Numerical results

Scaling of relaxations

Representative characteristic velocities

y

( N 2 2 2 2
Asg = U] — V21 + Z5 Zl_§(a0+as+a'y+aa+aﬁ)7

<)\19:u1—\/Zl—Z2 <Z2:\/Z12_a%(a(2)+ac21+a§)a
Xoo = w1 + V721 + Za ap =/ pW"(p), as= %Cg
Aot =ur ++2Z1 — 2o a. — " ar = |1 q. =
\ | Yo /o’ I6; Bp? Y

The different relaxation contributions scale as

2Nl 2 7 2 .2
aOé

2 BBy
To keep the contriobutions at the same order of magnitude, we can
take for example

B =a, Cs:ﬁ

Firas DHAOUADI CEDYA 2022, Zaragoza 22 /22



	Hyperbolic reformulation of The Euler-Korteweg system
	Extension to the Navier-Stokes-Korteweg system
	Numerical results

