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Diffusion equations

@ Many phenomena in nature are described by diffusion-type
equations

© Fick’s second law for particle concentration

% = div (DVc¢)
@ Fourier's law for heat conduction

7,

% = div (K'V0)

Q etc ...

Very "simple” structure, compares well with experimental
observations.
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Heat conduction in an inviscid compressible flow

Generally described by Euler equation 4+ Fourier's law of heat
conduction

op :

- p— 1
5 + div (pu) = 0, (1a)
0

oF

System describes conservation of mass, momentum and total
energy.
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Heat conduction in an inviscid compressible flow

Generally described by Euler equation 4+ Fourier's law of heat
conduction

% + div (pu) = 0, (1a)
Jdpu
ot
oF
5 T v (Butplp,nyu-KVO(p.n)) =0. (1c)

System describes conservation of mass, momentum and total

energy.
Entropy satisfies Clausius-Duhem inequality

+ div (pu @ u + p(p,n)I) =0, (1b)

dpn
_ = >
B + div (pnu 7 V@) 72 |VO]|? > 0.
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Objective

We would like to provide first-order hyperbolic alternative to the
Euler-Fourier system

dp : B

a -+ le (pU) = O, (23)
0

% +div (pu® u+p(p,n)I) =0, (2b)
OF

57 T div(Eu+plp,nju—KV(p,n)) = 0. (2¢)
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Model Derivation
Model analysis and hyperbolicity
Numerical results

Why are we

© Restore the principle of causality:



Why are we doing this?

© Restore the principle of causality:

information must not travel faster than light speed in vacuum.
(Trivially violated by Laplace operator)

@ Symmetric hyperbolic equations are locally well-posed.
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Why are we doing this?

© Restore the principle of causality:

information must not travel faster than light speed in vacuum.
(Trivially violated by Laplace operator)
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Why are we doing this?

© Restore the principle of causality:
information must not travel faster than light speed in vacuum.
(Trivially violated by Laplace operator)

@ Symmetric hyperbolic equations are locally well-posed.

© Obtain an alternative description of known phenomena.

© Chance it provides much easier/faster numerical simulations
(Very often the case, not always).
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Model Derivation
Model analysis and hyperbolicity
Numerical results

Plan of presentation

@ Model Derivation

© Model analysis and hyperbolicity

© Numerical results
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Model Derivation

Objective properties

We want to obtain a model that satisfies the following properties

© Can be derived from a variational principle

© First-order hyperbolic system

© Can be cast into a Friedrichs symmetric form

© Total Energy is conserved

© Compatible with the second law of thermodynamics

@ Gallilean invariant
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Model Derivation

Cattaneo’s model

Well-known hyperbolic relaxation of heat equation (1948)

06 .
E—i—dlv(q)—()
dq

— = —KV§6
T(%Jrq \Y

No underlying variational principle.

°
@ Not Gallilean invariant (fixable)

@ Generally considered out of the scope of fluid dynamics.
°

when coupled with compressible Euler equations

@ Not hyperbolic in multi-D.
@ Does not satisfy Clausius-Duhem inequality.
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Model Derivation
Model analysis and hyperbolicity
Numerical results

Cattaneo’s model

pt + (pu)z =0
(pu): + (pu® —|—p)x -0

(p (5 + %u?))t + (pu (5 + %UQ»:E = —(pu)e — o

Tqt + TUQr + g = —KO,
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Model Derivation

Cattaneo’s model

pr+ (pu)e =0
(pu): + (pu® —|—p)w -0

(p (e + ;ﬁ))t + (pu (5+ ;u2>>m = —(pu)e — o

Tqt + TUqy + q = —KOy
The Gibbs identity implies that
dn
dt
which can be cast in conservative form as

p@ = —qr

_gb,

— 2 >7 ()

(pm)e + (pnu + %)

Firas DHAOUADI IMB seminar, Bordeaux 9/33



Model Derivation

Cattaneo’s model

pr+ (pu)e =0
(pu): + (pu® —I—p)w -0

(p(er)),ln(ev2)),

Tqr + TUqy +q = —K0y
The Gibbs identity implies that
dn
dt
which can be cast in conservative form as

p@ = —(qg

(pm)e + (pnu 1 %)x _ q992x

not necessarily satisfied because ¢ # — K6,

- (pu)x — 4z

>7 ()

Y1 > 0.
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Model Derivation

About Euler-Lagrange equations

Given a Lagrangian, you can derive the Euler-Lagrange equation

. d (0L (oL oL
cwi0 = G (5) o (55) =5
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Model Derivation

About Euler-Lagrange equations

Given a Lagrangian, you can derive the Euler-Lagrange equation

| d (OL\ . (9L oL
cuam = (%) o (1) -

Things are already more complicated for Euler equations

L(p;u) = /Qt (%pHuHZ — pe(p; n)) ds,

: _ 0dx Doz ou
op = —div (pdx), du= 5 + o U a—xdaz
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Model Derivation

About Euler-Lagrange equations

Given a Lagrangian, you can derive the Euler-Lagrange equation

| oL oL\ oL
cuam = (%) o (1) -

Things are already more complicated for Euler equations

L(p;u) = /Qt (%pHuHZ — pe(p; n)) ds,

: _ 0dx Doz ou
op = —div (pdx), du= 5 + o U a—xdaz

5 O0€
After a bit of calculus = % + div (pu ®u + p 5 I) =0
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Model Derivation

Euler equations for compressible fluids

% + div (pu) =0, (mass)
dpu .
o + div (pu @ u+ p(p,n)I) =0, (momentum)
0

% +div (pnu) = 0. (entropy)
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Model Derivation

Euler equations for compressible fluids

% + div (pu) =0, (mass)
dpu .
o + div (pu @ u+ p(p,n)I) =0, (momentum)

% +div (pnu) = 0. (entropy)

Summing up these equations yields the energy conservation
equation

OF
-7+ div (Bu+p(p,n)u) = 0. (Energy)
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Model Derivation

Thermal displacement (Green-Naghdi 1991)

In this paper :

[1] Green, A. E., & Naghdi, P. (1991). A re-examination of the basic postulates
of thermomechanics. Proceedings of the Royal Society of London. Series A:
Mathematical and Physical Sciences, 432(1885), 171-194.

The authors introduce an independent auxiliary potential ¢(x,1) as
a thermal analogue of the kinematic variables such that

o(x,t) = —0(x,t)

One can then write the Lagrangian

Lpoud) = | (gpuuw o (p, (ﬁ)) a0,

where -
. . 8

e(p,n) = (p, ) — no, ith n=—.

(p,m) (p,®) —no, with 7 ¥
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Model Derivation

Entropy as an Euler-Lagrange equation

Given the Lagrangian

) . . 0
Lpoud) = [ (gprruu?—pe*w)) a0, (¢ %0 . w)
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Model Derivation

Entropy as an Euler-Lagrange equation

Given the Lagrangian

: : .0
‘C(pv u, ¢) — /Q <%p HuH2 o pg*(pa ¢)) dQ? (Qb - a_qtb Tu- V(b)

One obtains

*
% + div (pu ®u + ,02 %6 I) =0, (Euler-Lagrange for dx)
0

0 [ 0e* Oc*
— — | +di —u | =0, Euler-Lagrange for 9
8t(pa¢> V(pa(p > ( grang ¢)



Model Derivation

Entropy as an Euler-Lagrange equation

Given the Lagrangian

. 1 . . 0
Lpoud) = [ (5puuu2—pe*<p,¢>) a0, (¢ %0 . w)

One obtains

% + div (pu @u—+p a; ) =0, (Euler-Lagrange for dx)
gt (pn) + div (pnu) = 0, (Euler-Lagrange for d¢)
% +div (pu) =0 (Constraint)

@ A similar idea was also used in Lagrangian coordinates in
Peshkov, Pavelka, Grmela and Romenski (2018).
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Model Derivation

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

) 1 1
L vo.d) = [ (ipuurr?—pe*(p,qb)§a<p>v¢2) 10,

where the function «(p) is an arbitrary positive function of density.
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Model Derivation

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

£(p.90,6) = [ (Gollf = p="(p6) 0l [V0l) a

where the function «(p) is an arbitrary positive function of density.

0
P4 div (pu) = 0,

B
Jdpu
a—+div(pu®u+PI—i—a(p) Vo @ Vo) =0,
opn

5 T div(pnuta(p)Ve) =0,

os* 1
2 S 2
where P = p o 2(poz (p) — alp)) |IVP||
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Model Derivation

Extension of Green-Naghdi's philosophy

Consider the Lagrangian

£(p.90,6) = [ (Gollf = p="(p6) 0l [V0l) a

where the function «(p) is an arbitrary positive function of density.

% + div (pu) = 0,

B
Jdpu
a—+div(pu®u+PI—i—a(p) Vo @ Vo) =0,
opn

5 T div(pnuta(p)Ve) =0,

os* 1
where P = p*—— + - (pa/(p) — a(p)) Vo2
0

@ Problem : PDE is of second order and depends on V.
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Model Derivation
Model analysis and hyperbolicity
Numerical results

Recall that

0
8—f+u-V¢=—9(p,n)



Model Derivation
Model analysis and hyperbolicity
Numerical results

Recall that

v (g_f) +V(u- V) = —V(0(p,)



Model Derivation
Model analysis and hyperbolicity
Numerical results

Solution: First-order reduction

Recall that
v (g_jf) £ V(u- V) = —V(0(p,m)

%+V(U-V¢+9(p,n))=0
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Model Derivation

Solution: First-order reduction

Recall that

v (%) +V(u- V) = —V(0(p.n))

%+V(U-V¢+9(p,n))=0

Let us introduce j = V¢ as an independent variable. Then j
satisfies

i ,
8—;+V(u-3+9(p,n))=0
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Model Derivation

Solution: First-order reduction

Recall that
0
v (a—f) +V(u-Vo)=—-V(0(p,n))
%JrV(U-V(bJr@(p,n)) =0

Let us introduce j = V¢ as an independent variable. Then j
satisfies

i ,
8—i+V(u-J+9(p,n))=0

Note that since j = V¢ then j satisfies

V xj=0.
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Model Derivation

Dissipationless system of equations

dp : .

" + div (pu) = 0,

dpu , . .
- Tdv(pueu+ll) =0, II=Plp.n.j) I+alp) jo]
0j , 0 AT

e +V(J-u+9(p,n))+<§—(8—x> u =0,

9

% + div (pnu + a(p)j) = 0
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Model Derivation

Dissipationless system of equations

% + div (pu) = 0,
dpu , . .
-5 tdv(pu@u+I) =0, II=Plp,n.j) I+alp)j®]
) . G (%\"). _
5 TVU-utolpn)+ (g - ((Tx) u =0,
0 .
% + div (pnu + a(p)j) = 0
Total energy conservation is obtained as a consequence
OF , .
5 Tdiv(ButIuta) =0, a=a(p)0(p.n)]
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Model Derivation

Dissipationless system of equations

% + div (pu) = 0,
dpu , . .
-5 tdv(pu@u+I) =0, II=Plp,n.j) I+alp)j®]
0j . o5 (9i\"\. _
g +V(J-u+9(p,n))+<§—(a—x u =0,
0 . .
% +div (pnu + a(p)j) = 0
Total energy conservation is obtained as a consequence
OF , .
5 Tdiv(ButIuta) =0, a=a(p)0(p.n)]

Additional term in the energy conservation should be the heat flux.

Firas DHAOUADI IMB seminar, Bordeaux 16 /33



Model Derivation

Rayleigh dissipation function

% + div (pu) = 0,

+div(pu®@u+ P(p,n,j) I+ a(p) j®@j) =0,

: 9 (9\")  OR
+V(J'“+9(p’"))+<a_x_(a_x) )u——aj,

0 a(p) OR

P : .
—— +div(pnu+ « = .
5 (o (p)) =5 o) 05

Here R is the Rayleigh dissipation function and which we take in
the simplest form as

ot
opu
ot
9]
ot

1
R:— + 112 —:—.
27_H-]H ) aj 7_.]
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Model Derivation

Asymptotic Analysis and compatibility with Fourier's law

we can expand the variables in power series of T
p=potO(7), u=u+0(r), n=mn+0(7), Jj=jo+riito(r),

and we focus on the j equation

<3j0 djo
i

ot +({9X

dug\ " . ..
ug + (%) Jo + VQ(PW?O)) = —(jo+7j1)+o(T).

to obtain
jO - 07 jl — _Ve(p07?70)7 — j = -7 V@(pg,ﬁg) + 0(7_)'

Under these considerations, the heat flux vector expresses as

q = —71a(po) 0(po,m0) VE(po,mo).
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Model Derivation

Asymptotic Analysis and compatibility with Fourier's law

we can expand the variables in power series of T

P = po—l—O(T), u = uO+O(T)7 n= 770+O(T)7 j — j0+7_j1+0(7-)7

and we focus on the j equation

%o Do (990N Gt o) ) = ot rin)+o(r)
T By Ix 0 Ix Jo P05 7o = —JoT7J1)T0\(T).

to obtain

jO - 07 jl — _Ve(p07770)7 — j = -7 Ve(p07770) + 0(7_)'

Under these considerations, the heat flux vector expresses as

a = —Ta(po) 0(po,n0) VO(po,m0)-
compatible with Fourier's law if

K
a(po) O(po;mo)
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Model Derivation

Energy convexity

Total energy is given by

: 1 2 1 .12
E(p,m,s,j) = %HmH +pe(pss/p)galp) 7, m=pu,s=py

Sufficient criterion for energy convexity

. 0? ( 1 )
if <0, forp>0.
dp* \ a(p) £

then E i s also a convex function of Q.

We choose a simple function fitting this criterion

a(p) = %—, » = cst.
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Model Derivation

Energy convexity

Total energy is given by

: 1 2 1 .12
E(p,m,s,j) = %HmH +pe(pss/p)galp) 7, m=pu,s=py

Sufficient criterion for energy convexity

. 0? ( 1 )
if <0, forp>0.
dp* \ a(p) £

then E i s also a convex function of Q.

We choose a simple function fitting this criterion
a(p) = —, »x=cst.

(Another possibility is a(p) = cst, taken in Peshkov et.al. (2018))
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Model analysis and hyperbolicity

Hyperbolicity

system can be cast into quasilinear form

Y v

ar AV =0

where A admits 8 eigenvalues whose expressions are given by

(X1 =u1 — V21 + Zs,

1
X2 = u1 — 41— Za, ZQZ\/G§T+Z(CL]2D_CL%>2,
{ X3-6 = U1 where < 5
’ Op »x* 00
2 _ 2
X7 = U1+ 21 — 4o, %_—p’ aT_?a_n
X8 = u1 +\/ 21+ Z> A 2% Op 06 s 2 5
= 5 ana, U= U2 tis)
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Model analysis and hyperbolicity

Limiting behavior in 1D

Eigenvalues
Mg =u1 £\ 21+ 2o, Ao3 =u1 £\ 21— Zo.
In the asymptotic limit »x — oo we have

lim y18 =+o00, lim A93=1wu; tag
e doe H—> OO

with ay being the isothermal sound speed given by
8p p, ~ Oplp,m) 00 /36’
on 0Op' On
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Model analysis and hyperbolicity

Dispersion relation comparison

C ~—cf "~ Cs i ,31 —5'2 == B4 = B2 B3 /

L | 102 &
2.0 p— s :
R R — - | 10" |
3 1.5 ag = -
S \ 100
== 1.0F HAs =] :
b / 10_1 E
0.5 i . :
j 107 ¢

0.0 -y mmmr T T T T I e ] 10— N DA A R R R

1072 107! 10° 10! 102 103 10~ 2 10~1 100 10! 102 103
klm™'] k[m™]

Figure 1: log-linear plot of the norms of the real part of the phase
velocities (Left) and log-log plot of the attenuation factors (Right) for
both hyperbolic system (Dashed lines) and original Euler-Fourier system

(Solid lines).

_ /Op _ 8p89 29
4 =\ Bp’ a= /5~ %55
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Model analysis and hyperbolicity

1D-study: Eigenfields

In one dimension of space, we can write the system as

ot +u%+p8p6$ p@n@x:
on on 3 0j %2_(9p_
ot +“’ax+ p? Ox ,03‘7856_0’

dj  .Ou dj 000p 000n
ot oz Tor T opox T omow

The eigenvalues are given by

0.

)\1:U—\/Y1—|—Y2, (H:%<CL]2)—|—CL%),
Ao =u—+VY) — Yo, /4 2
X where (Yo = ,/a > + Y5,
A3 =u+ v — Y, 1 p2 2
k)\4:u—|—\/Y1+Y2, \}/3:§<a’p—a’T)'
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Model analysis and hyperbolicity

1D-study: Eigenfields

()\1=u—\/Y1+Y2, v,

_1(.2 2
U - 7 _§<ap+aT)>
4 2 ! 2 where <Y2:w/a4T+Y§2,
)\3:u+\/lfl_y27 1 p2 9
M =u+ VY Y5, Y3 =5 (@ —a7).

Nature of the eigenfields (polytropic gas equation of state):

@ System admits full basis of eigenvectors.
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Model analysis and hyperbolicity

1D-study: Eigenfields

(M =u— VY1 + Y5, v,

1,2, .2
Ao =u—+Y —Ys —§(ap+aT),
4 2 ! 2 where <Y2:w/a4T+Y§2,
A3 =u+ VY — Y, 1 pz 2
M= u+ VY1 T Y, (Vs = 3 (a5 —a7).

Nature of the eigenfields (polytropic gas equation of state):
@ System admits full basis of eigenvectors.

o Eigenfields associated to \j 4 are genuinely non-linear.
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Model analysis and hyperbolicity

1D-study: Eigenfields

A1 =u— VY1 + Yy, v,
>\2:u_\/1/1_Y27

(a0 +az)

N —

where Yy =, /at. +Y2,
<)\3:’U,—|—\/1/1—Y2, ’ 1 p2T 9
M=ut VT, s =3 (a —a7).

Nature of the eigenfields (polytropic gas equation of state):
@ System admits full basis of eigenvectors.
o Eigenfields associated to \j 4 are genuinely non-linear.

o Eigenfields associated to Ag 3 are neither genuinely non-linear,
neither linearly degenerate.
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Model analysis and hyperbolicity

Rankine-Hugoniot conditions

In one dimension of space the RH conditions write

[M]:v

M?]
[p+— :Ov

M2 D 1 22 %2 :
[M<2—,02+8+;+5? )4—79]_—0,
[le =0,

P i

where we have defined the mass flux across the discontinuity front
by M = p(u — D) and D is the discontinuity speed.
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Model analysis and hyperbolicity

Non-existence of contact discontinuity

On contact discontinuities, that is for M = 0, one obtains by
direct substitution

[p] =0, [%2%0] =0, [f]=0.
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Model analysis and hyperbolicity

Non-existence of contact discontinuity

On contact discontinuities, that is for M = 0, one obtains by
direct substitution

[p] =0, [%2%9] =0, [f]=0.

Since p and 6 are continuous across the discontinuity, the density
will be as well.
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Model analysis and hyperbolicity

Non-existence of contact discontinuity

On contact discontinuities, that is for M = 0, one obtains by
direct substitution

[p] =0, [%2%9] =0, [f]=0.

Since p and 6 are continuous across the discontinuity, the density
will be as well. Thus:

Therefore solution is continuous: no contact discontinuities are
admissible in this case.
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Model analysis and hyperbolicity

Hugoniot Locus (polytropic gas equation of state)

5) =

— P
4+ P
3L _

Ry

2L _
Lr \\
O | | | |

Study of the Hugoniot curves shows interesting possible solutions:
@ Expansion shocks,
@ Compression fans,

@ Compound shocks.
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Model Derivation
Model analysis and hyperbolicity
Numerical results

Compound shocks

L

Figure 2: Schematic representation of the wave pattern in the x — ¢
plane, for a compound shock splitting solution. The shock propagates to
the right, followed by a right facing compression fan.
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Numerical results

Recovery of Fourier law: Shock tube problem

| | | | ’ I I I I 1 —20 | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

a[m] z[m] a[m]

Figure 3: Shock tube with heat conduction. The solution is given at final
time ¢t = 0.2. Parameters: CFL = 0.9, 7 =5/3, cy =3/2, K=10"3.
Relaxation time is taken as 7 =

a(po) 9(P0;”70)
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Numerical results

r=+=05 I 0=+ =o05] ' T if—¢t=05
t=0.0 ; - 1=0.0 t=0.0
; —0.03]- =
—0.95 5 4 | 0981
s 5 T —0.06]- o
5 09 5 18 £ 0.96
o ; =—0.09- 3
<0.85 : 4 X
E —0.12} R 0.94r
0.8 : |
! ! ! ! —0.15 ! ! ! ! 0.92 ! ! ! !
0 02 04 _ 06 08 1 0 02 04 06 08 0 02 04 06 08
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=¢=05] = " 1.16F = 0.251 [ [
t=0.0 : : :
099 i IR : _o02p E
“ : . @ :
~ : — 5 =~ 0.15 :
= 0.98 : | = 1.08- : s 5
> : 5 H . B
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= : 1.04} : = 5
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0.96 ‘ ‘ : ! | 1y -- t:‘0.0 i '_....‘ _________ ‘ ol -- t:‘0.0 | P - |
0 02 04 _ 0.6 08 1 0 02 04 06 08 0 02 04 0.6 08
z[m] z[m] [m]

Figure 4. Numerical result for an expansion shock solution on the
computational domain [0, 1], discretized over N = 10000 cells displayed
at final time t = 0.5. Parameters: CFL =0.9, v =2, ¢y =1, » = 0.8.
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Numerical results

Compression fan

—t=0.5
. t=1.0
| |
o =
g X
S) o J
QU é |
3
| | | |
-2 -1 0 1 2 -1 0 1 2
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Figure 5: Numerical result for a compression fan solution. Parameters:
CFL=09,v=2,¢cy =1, %=0.8
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Numerical results

Compound shock solution
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Figure 6: Compound shock plotted as a function of the self-similar
coordinate & = (x — D,t)/t. CFL=0.9, vy =2, cy =1, 2= 1.3.
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Numerical results

Conclusion and Perspectives

@ Heat conduction can be modeled by hyperbolic equations
derived from variational principles.

@ Entropy equation can be derived as an Euler-Lagrange
equation.
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Conclusion and Perspectives

@ Heat conduction can be modeled by hyperbolic equations
derived from variational principles.

@ Entropy equation can be derived as an Euler-Lagrange
equation.
@ Fourier’'s law can be obtained as asymptotic behavior.

Perspectives
@ Multi-D simulations (accounting for curl-involutions, etc)

@ Rigorous Justification of the relaxation limit
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Numerical results

Conclusion and Perspectives

@ Heat conduction can be modeled by hyperbolic equations
derived from variational principles.

@ Entropy equation can be derived as an Euler-Lagrange
equation.

@ Fourier’'s law can be obtained as asymptotic behavior.
Perspectives

@ Multi-D simulations (accounting for curl-involutions, etc)

@ Rigorous Justification of the relaxation limit

e Further optimization at the numerical level (semi-implicit
discretization, etc )

@ Further study of the Riemann problem.
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Numerical results

Thank you for your attention |
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